Abstract

Eugenio Calabi claimed the following theorem at the International Congress of
Mathematicians in 1954:

For any closed Kahler manifold (M™,w), for any ¥ € 2m¢y (M), there is only one
Kéhler metric Q € [w], such that Ric(2) = X.

This theorem can be reduced to solving the following complex Monge-Ampere
equation w.r.t. some real-valued function ¢:

(w4 V=190p)" = ef'w™,

where F' € C*°(M;R).

Shing-Tung Yau proved this theorem in the remarkable paper On the Ricci cur-
vature of a compact Kdahler manifold and the complex Monge-Ampére equation. I..
As a corollary, for any compact Kahler manifold, with ¢;(M) < 0, there is only one
Kahler-Einstein metric.

This thesis will summarize Yau’s original paper and try to provide details.

Keywords: Calabi Conjecture; Complex Monge-Ampeére Equation; Kéahler-Einstein
Metric
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Chapter 1

Preliminaries

Let M™ be a compact smooth manifold of real dimension n, and the Riemannian
metric g be a smooth section defined on T*M @ T*M, and for any point x € M,
g is a positive definite quadratic form on T, M. We know such a metric must

exist. In the local coordinate (x1,zs,...,x,), the basis of TM is represented by
{%, %, e 8%}, then g = 3=, gijdx' ® dx?, where g;; is smooth function with

respect to x:
0o 0

We call (M™, g) a Riemannian manifold.

Suppose there is a family of coordinate charts on the Riemannian manifold
(M?*™ g), and the transition maps of these charts are biholomorphic. In that case, we
can induce an automorphic map J on the tangent bundle TM of M, s.t. J? = —id,
which is known as the complex structure on M.

If we have the complex structure, we will call the J-invariant metric a Hermitian
metric, s.t. g(u,v) = g(Ju, Jv),Yu,v € TM. Such metric must exist since the
trivial metric on C" is J-invariant. Take w,(u,v) = g(Ju,v),u,v € TM, then w, is
a real (1,1)-form, known as the fundamental form of complex manifold (M, g, J).

We can then C-linearly extend this Riemannian metric g on TeM = TM ®g C,
whoes complex dimension equals to 2m, and divide Tz M into the direct sum of
TOOM and TV M, according to the eigen-subspace of the eigenvalues +i of .J.
The complex dimension of T M and TV M are both m.

In fact, take a complex coordinate (21, 22, . . ., 2mm ), Where z; = z; +v/— 12,44, We
have: 9 9 p 3
Oxt  Qxmtt’ Oxmti Ox’ (1.2)
and
dz' = do' + /—1dz™"",  dz' = da' — /—1dz™"". (1.3)



Since for any smooth function f, the basic computational law should hold: df =

L dr' = 9Ldz' + 2L.d7, thus for i = 1,2,...,m we have:
0 1/ 0 0 0 1
- = — - — /-1 - - 1.4
aZZ 2 (81'7/ amm-i-Z) ? 821 2 ( m-}-@) ( )
Furthermore:

0 0 0

h— — \/—].—. -V — 11— ]_
! (8,2]) 027’ ! <8 J) 823 (1.5)

In this way, a basis of T!O M is {2, 225, . . ., 52} a basis of TV M is {4

Thus, by definition, for a Hermitian metric g, and for any ¢, 7, we have:

g 0 o 0
g (a_ a_) =9 (a_ a_> =0 (1.6)

Set g;; : =g ( 57 82]) we can now write down the C-linearly extended J-invariant
metric in local coordinate:

g= Z (9idz' ® dZ’ + g;dz' @ d27) . (1.7)

i3

Note that the second part of the above equation can be obtained by taking the
conjugate transpose of the first part. This explains why we call the J-invariant
metric also the Hermitian metric. And we usually take the first part, i.e., g =
Zi, ; g;;dz" ® dz’ as the metric of a complex manifold M.

Definition 1. We call a triple (M™, gc,J) satisfies the above conditions a com-
plex manifold, with complex dimension m. Furthermore, if only consider the Rie-
mannian manifold (M, g) and its Levi-Civita connection V satisfies VJ = 0, we
call (M™, g, J) a Kdahler manifold, 3=, ; g;5dz' ® dz’ the Kihler metric, and w, =
\/__1213 9;5dz" N dz? the Kihler form.

Remark 1. We will only use g to represent the Kdihler metric instead of gc. Since

they are equivalent, we always mix and use the names of the Kdhler metric and
Kdhler form.

Actually, we have the following equivalent conditions to see if a complex manifold
is Kéhler[Huy05]:

Lemma 1. For a complex manifold (M, g,J), the followings are equivalent
(i) (M,g,J) is Kdihler;
(ii) VJ =0;

1,82:2,...



(iii) dw, = 0;
(iv) For any i,j,k, we have:

9gi;  Ogij 995 _ Ogq
9k = oz Mo T 9w

(1.8)

(v) For any point p € M, there is a local holomorphic normal coordinate, i.e.,
exists a local holomorphic coordinate (z1,...,2zm), s.t. for alli,j, we have:

ZZ(P) = Oagij = 5ija dgij = 0. (1-9)

Next, we compute the curvature on a Kahler manifold in local coordinates. The
reference is [T1a00]:

We take a local coordinate (z1, ..., z,) of M, and the basis of the tangent space
TcM is (8%1, cee 8%). First, we compute the Christoffel symbol Ffj:
0 p 0 P 0
Virga T lugs Hlugse (110
and 9 5 5
_— = ’,C—.— ]%ﬁ—
Virgm = luga Tl (1.11)

Due to the Kéhler condition V.J = 0, and the complex structure satisfies J-2 =

P
el a o]
vV —1w, ‘]ﬁ = _V_lﬁ’ we have

9 9 9
Vo <Jﬁ> = IV o oo+ (V2 ) s (1.12)

The second term on the right-hand side is equal to 0. According to the definition of
the Christoffel symbol, we immediately have:

\/—_1<rk 0 | i a):J(Fk 0 | r# 8):\/—_1(r’f 0 _ a)

CEER FES (EER P CEE FES
(1.13)

Rewrite the above equation, we get Ffj = 0. Similarly, we can compute V _a_ (J %),
oz

and get F% = F% = 0, thus the left non-zero Christoffel symbols are Ffj and its con-

jugate F%“j = F_fj Now, let’s compute Ffj

dgg 0 (9 9\ 0 O0N_ (9 9N_
921 021 (@’ﬁ) Y (Vazﬁ’ﬁ> 9 (Fijw’ﬁ = Lo

(1.14)
If we set (¢'*) to be the transpose of inverse matrix of (g;z), then:
,89 7 789.7
Tl = gk =202 = gk 2 1.15
i=9 57 =9 5., (1.15)
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Next, we want to C-linearly extend the real curvature tensor For any u,v,w €
TcM, define the curvature R(u,v)w := V,Vyw — V,V,w — Vi, qw, where [u, v] is
the Lie bracket of vectors u, v, and equals to 0 in local coordinate. Furthermore, in
local coordinate, we set:

Ry = (R (9;,05) Ok, Or) . (1.16)
Actually, we can compute R explicitly:
R = ((ViV; = V;Vi) 0, 0r) = = (V; (T},0,) , )
—05 L9 = —0; (9‘7” %) 9pi

» %gka 99si Okg
g — gpl
021077 077 07
0 99k g% aisl’ 9gka
021070 0z 0zt
From the above computation and the equivalent condition of the Kéhler manifold, we

have R;z1 = Rij; = Ryjip, 1-e., the complex curvature operator has more symmetry
properties compares to the real one.

(1.17)

T g gT g

By definition, we find:

R(Ju, Jv,w,z) = R(w, z, Ju, Jv) = g(R(w, x)Ju, Jv) = g(R(w,x)u,v) = R(u,v,w,x).
(1.18)
Thus, we can define the Ricci curvature tensor:

Rc = Rgdzi QdF = ngRﬁ

Gridz’ @ d7. (1.19)
And from 1.18, we know the Ricci tensor is J-invariant. Similarly to the defini-
tion of fundamental form, we have:

Ric(wy) == Re(J-,") = V=1R;dz" A dZ. (1.20)

Thus, we find Ric(w,) to be a real closed (1, 1)-form, known as the Ricci form of the
complex manifold (M, g, J). We have:

2

Ry = Re(9,,05) = ¢"™ Ry = —

1Yy

5505 log det (g,g) - (1.21)

J

Therefore, we also have Ric(w,) = —v/—190log det(g,5).

Then, we write down a useful lemma. The proofs of the following lemma and
proposition can be found in [Tia00], Chapter 2:

Lemma 2 (00-Lemma). Suppose (M, g,J) is a compact Kihler manifold. If a €
H(,%l’l)(M, C) is d-exact, then there is smooth function 3, s.t. o = 0083. Furthermore,
if o is a real form, we can always choose B € C®(M;R), s.t. a = +/—19043.
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The following proposition of Chern class is important:

Proposition 1. Given a Kdihler manifold (M, g, J), whoes Kihler form is w,, we
can define an (1,1)-form '
Q = ¢/’ R5dz" A dZ, (1.22)

et -1

I+ 2—9) 1t tn(g) + Palg) + - (1.23)

and set:

Then we have:
(i) di(g) =0, thus [¢;] € Hy'(M,C) N H*(M,R);

(7i) [pi(g)] is independent of the choice of the metric g. It only depends on the
complex structure J of the manifold;

(iii) The i Chern class of the manifold is represented by c;(M) = [¢:(g)].

In particular, we can now compute the representative element of the first Chern
class of a complex manifold:

o1(g) = %QZ \/Q_Rkld AdE = —gaalog det(g,5). (1.24)
Eugenio Calabi claimed in 1954[Cal54] that given an arbitrary element in the
first Chern class of a complex manifold, we can always find a Kahler metric, s.t. its
Ricci form is exactly the given element. Calabi proved the uniqueness by himself,
i.e., in every Kéhler class (the cohomology class of Kahler metric), at most, one
Kéhler metric satisfies the condition.

In 1978, Shing-Tung Yau confirmed this statement and proved that there is
exactly one solution in the Kéhler class of the initial Kéhler metric[Yau78]. Fur-
thermore, he proved the existence of the Kéhler-Einstein metric on the compact
Kaéhler manifold, whose first Chern class is non-positive. Specifically, there is al-
ways a Ricci-flat metric on the compact Kéhler manifold whose first Chern class
vanishes. This is known to be the Calabi-Yau manifold.

We write the above statement mathematically:

For a compact Kéhler manifold (M™, w), if we can fine a Kéhler metric /=13, ; Gigdz" A

dz’ which is cohomologous to the initial Kéhler metric /=137, ; g;5dz" A dz, and
the cohomologous class of its Ricci form

Ric(w;) = —v/—180 log det(g;5)
in Hy'(M,C) N H*(M,R) is 2mci (M).

We know that 2me; (M) can be represented by —/—1991og det(g;;), and since
the difference of these two elements is d-closed and d-exact, by the 00-Lemma, we
know there is smooth real-valued function F' € C*°(M;R), s.t

—V/—180log det(g;;) = —v/—100log det(g;5) + vV —100F. (1.25)
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i.e.: ~
det(gij)
det(gij)

90 log = 00F. (1.26)

Since the manifold M is compact, and det(g;;)/ det(g;;) is globally defined (it’s
a ratio, and if we change the local coordinate, the extra terms will be canceled), by

the maximal principle, we know that log 3228] ; — I is a constant. Thus, there is a
ij
positive constant C| s.t.:
det(g;;) = C exp{F'} det(gs). (1.27)

Again, the above two metrics are supposed in the same Kéhler class, by 00-Lemma,
there is a real-valued smooth function ¢ € C*°(M;R), satisfies:

V1) gdz' NdF = V=1 ggdz' NdF +/~100¢. (1.28)
(2] 4,

i.e.:
0%
021071

9i; = 9i; + (1.29)

Therefore, the question Calabi asked can be deduced into solving the following
complex Monge-Ampere equation of the real-valued function :

0%
det (gi; + W) = Cexp{F}det (g;5). (1.30)



Chapter 2

A Priori Estimates of the Complex
Monge-Ampere Equation

Suppose M is a compact Kéhler manifold, we will study the following complex
Monge-Ampere equation of the real-valued function :

0%
det (gij + az@gj) = exp{F'} det (g;;), (2.1)
where we assume F' € C*(M;R), ¢ € C°(M;R).
According to the assumption of the conjecture, the left-hand side of the above

equation is the determinant of the new Kéhler metric, thus we need to assume ¢
should satisfy that:

/ 82@ i —j
g =D (95 + 5 o) @ dz (2.2)

i?j

is a positive definite Hermitian metric, and in the same Kahler class as the initial
metric g = ), - g;;d2" ® dZ.

Our goal is to show the existence of the demanding smooth solution to the
equation 2.1. For the complex Monge-Ampere equation, if we differentiate both
sides i.e. linearize, we will get a uniformly elliptic equation. Thus, we can use the
classic methods in solving the elliptic equations. First of all, we need to get the a
priori estimates of ¢ and show the existence of a smooth solution by the continuity
method.

2.1 A Priori C? Estimates

We can see from 2.1 that if we add a constant to a solution ¢, it still will be a
solution. Thus, we can assume ¢ satisfies:

/M ¢ =0, (2.3)
7



To achieve this, we only need to substitute the previous ¢ with ¢ — m J A P

Take natural logarithm on both sides of 2.1, and differentiate w.r.t. a;zk' Using

the following formula to differentiate a determinant:

) 799pa
N det (g,7) = det (gij)gpqﬁ7 (2.4)
We have:
0 P ] i (99 O 7 09
5k (logdet (gij + W) — log det (Qij)) =9 <8zk + 8ziazjazk) -9 0zk
_OF
02k

(2.5)

where gij represents the (i, 7)-th element in the transpose of the inverse matrix of
(gzj)-

Again, differentiate both sides of the above equation w.r.t. %. Using the fol-
lowing elementary formula to differentiate the inverse element of a matrix:

dg" _ z‘qagpti pj

E AR 26)

we have:

j sin (99 & 0gij 0%p
o 1ty nn 7
Z-;ng ! (W " 9202007 ) \ o2+ T 920290k
= 629,—. 8490
1ij ij
T izjg <3zkazz + 3ziazjazkazz) (2.7)

= 2 09tm 0955 7 329[‘ O*F
+ Z gt]gm J ij J

REICE 9" 0z — 9k0F

i7j7k77n

Let A be the Laplacian associated with the metric ZZ i gijdzi ® dz’. Since the
Kéhler metric comes from C-linearly extending of the real J-invariant metric. In
this case, the metric can be written in a two-conjugate-block diagonal matrix. Thus,
the determinant of the Kéahler metric ZZ i 9;;dz" @ dz’ equals the arithmetic square
root of the real Riemannian metric tensor.

Recall the Laplace-Beltrami formula:

1 0

ij 9

A

Apply the above formula to the Kédhler manifold, we have:

19 -0 -0
e — = " — ]
A det(g;;) 0z (det(g”)g 8zj) 9 920z (2.9)
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We always denote A as the Laplacian associated with the Kéhler metric Z , gijdzi(g)

dz’, and A’ as the Laplacian associated with ), y <ng + 5. 8ZJ> dz*®dz’. Thus, by
using the differentiation formula for the inverse element of the matrix:

A’(Asr)):zg’“_ iy
0zk07! 021077
4

_ 92 1) 82
— 1kl i o wi 079 %
Z 99 ipzia k07 * Z 9 9207 02107 (2.10)

1,3,k,l ,7,k,l

1kl 9 <P /kiagii 8390
+ > 9k goman T Z 9" 95 92950k

7.] k l Z7]7 )

Note that the left-hand side of the above equation is independent of the choice
of local coordinates. We can conveniently use the normal coordinate to compute
the right-hand side, and the Kéhler condition also ensures we can take the normal

coordinate. Thus, at a certain point, we have: g; = d;, % = (9g” = 0. Then, we
can see the third and fourth terms of the right-hand side equal to 0. Furthermore,
we can get the fourth order term of ¢ from 2.7, and substitute it into the above

equation:

A'(Ap) = AF + Z 9" 9" o + Z 9" Rizir — Z Ry + Z 9" Rz i

1,5,k,m,1 1,5, 2,0 1,5,k
(2.11)
For the same reason, we can choose another special coordinate, s.t.:
gi; = 5@', PYi; = 51;;'901'2- (2-12)

This coordinate always exists because we can first choose the coordinate, diago-
nalizing the metric matrix (g;;), then use the unitary matrix @, in the sense of
A — QAQ", to diagonalize the matrix A = (¢;3).

Therefore,

(2.13)



In this special coordinate, we can now simplify the last three terms in 2.11:

Z g,ZJRU“ Z Rull + Z glklRuleOZJ

7.7l Jk‘l

= - Z Rmim + ; Rip rm

_ Z - i (o — pa)
1+ 05) L+ ¢ (2.14)

1 wii (= ¢i) wu (Y — i)
=53 Rir - Riar
2 { 2 R o T )~ 2 P o) (14 o)

il il

1 (Soll @zz)
= — R’L’L 7 .
2; "1+ ) (1+ o)

Note that the third equality changed the position of 7,7 and added together.
Thus there is an % coefficient. Doing so is to obtain the square term in the last
equality. Also, when ¢ = [, the term multiplies by R;;; equals to 0.

We continue to simplify the above equation:

1 Z (i — ea)” _ lz [(1+ on) = (1 + o))
(L+oa) T+ep) 2 Y (L4 i) (1 +¢n)

1 IL+vi; 1T+ )
= = + -2 2.15
(1+90u 1+ i ( )

Since the sum takes over arbitrary i, j, it adds m? times in total. We can see the
last equality holds.

Then, substitute 2.14 and 2.15 into 2.11, we get the inequality that is useful
later:

A'(Ap) > AF + Zglkjgnn@knzSOz]l + (gg Rﬁll_>
I

1 _
SO 2 (2.6)
¥ L+ oy

The above inequality sheds some light on how to get the second order a priori
estimates of ¢. We can start by considering the normalized Laplacian A’ of some
function w.r.t. Agp. At the maximal point, the normalized Laplacian is non-positive,
and we hope to get the C? estimates.

Next, we have the following straightforward computation in the special coordi-
nate:

p=g"— = =) T oy (2.17)

Ao — 14 a2§0 5ij aQSO Pii . Z
02'077 1+ p;; 02'0%77 - 1+ @5

L+pi
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In Yau’s paper[Yau78], he considered the function exp{—Cy}(m + Ayp), where
C' is a positive constant.

During the process of computing A’(exp{—Cp}(m + Ay)), the third and fourth
order terms of ¢ will occur. By 2.16, the lower bound of the fourth-order terms can
be controlled by the third-order terms, and we will see in the computation that the
extra third-order terms in this step can be eliminated with the original third-order
terms. End up having the upper bound of C? estimates. These estimates will rely
on the C° estimates of . Therefore, if we can also prove the C° estimates, together
with the equation 2.1, by the mean value inequality, we will get uniform C? estimates
of .

Now, let’s do the computation:

2

A (exp{—Ci}(m + Ap)) = g/ Soige (EPI=Cel(m + Ap))
= C? exp{—C} <Z g sozw;) (m + Ap)
- Coxp{~Ci} Y gjf i (Ap);
~ Cexp{—Cy) ZJ 77 (Ap)ip;
 Cexp{—CAp(m + Ag) + exp{~Cip} A(A).

(2.18)
For the complex inner product, we still have the following Cauchy-Schwartz
inequality, which plays an important role in our computation:
(V, VAp)e < |Vl - [VAg], (2.19)
where Vo = ¢¥ gfj aazz- We can see that the complex gradient is only half of the
classic gradient in Riemannian geometry.

Using the Cauchy-Schwartz inequality to the second and third-order terms in
the right-hand side of 2.18:

Y9 Ap); < \/ o[0T (Ap)i D) (2.:20)
.3

Similarly,
S 9(Ag)ies < \JeTeien /9T AN D) (2.21)
1,J

add the above two equations together:

> i Ap); + Zg’” Ap)ip; < 2\/9’% ©; \/g’” (Ap)i(Ap);. (2.22)

2%
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To eliminate the first term in the right-hand side of 2.18, we use the following
Cauchy-Schwartz inequality with e:

b2
2ab < ea® + > 0. (2.23)

Consider the right-hand side of 2.22, using the above inequality, and take

a=/g"pip;b = \/g’ﬁ(ASO)i(Aw)i, e =C(m+ Ap),
we have:

— Cexp{=Cp} > g7pi(Ap); — Cexp{=Cip} > g (Ap)ip;

1,J .3

> —Cexp{—Cy} (C (m + Ap)g" T pip; + g’é((f;o):(ﬁ(;%)
—C? exp{—C} (9’”%%) (m + Ap) — (m+ Ap) " exp{—Cp} > g (Ap)i(Ap);.
v (2.24)
Substitute the above inequality into 2.18, we find:
A(exp{—Ci}(m + Ap)) > — (m + Ap) " exp{—Cp} Y g7 (Ap)i(Ap);
k.j
— Cexp{—Cyp} (A'p) (m+ Ap) + eXp{—Cso}A’(ésgg-)

This preparation shows some symmetric properties of the third-order terms of ¢.
Remember that by 2.16, the last term in the above inequality relates to the second
and third-order terms of ¢. Therefore, we will try to eliminate the third-order terms
on the right-hand side. This is a tricky step.

. . . = 5 .
As before, in our special coordinate, we have g/ = T, and also, Ay is a
11

real-valued function, we have:

> (D) - (Ap); = Z [(Ap)l* = Z

i

(2.26)

2
Z Pkki
k

Considering the third order terms of ¢ in the right-hand side of 2.25, i.e. the first
term and the last term, and plug 2.16 and 2.26 into it:

—(m+Ap) ™S g (Ap)i(Ap); + A(Ap)

l’L

- (m—{_ASO)_lZ 1 +90u

Z Pkki

+AF 4 (1+ o)™ L+ 92) ™ e
1,7,k
Z I+ o 2
—m .
— 1+ v;

i

12

(2.27)




We consider the first term on the right-hand side, write an extra term (14 ;)"
both in the numerator and denominator and use the Cauchy-Schwartz inequality:

(m+2Ap)™ > (1+¢a)

2

= (m+Ap)™ Z (1+ @)

i

< (m+Ap)™ (Z (I+ea) " (4o @kki@kki) (Z (1+ @kk))

i,k k

Prki 1/2
Z Tt o) (1+ o)

= Z (L4 0a) " (L+ o) OrritPrni
= Z (14 00) " 1+ o) " Cimnonin

< Z 1+ o) (L+ea) " Pikj Prij-
’.77
(2.28)
Because we have ), (14 ¢uz) = m+Y_, opx = m+ Ay, the fourth line in the above
computation holds.

Next, we need to use the commutation formula for covariant derivatives up to
the third order. The basic rule is that we can always interchange the first and second
slots.

As for the second and third slots, if one indice is barred and the other is not, by
the Ricci identity, curvature terms show up after switching these slots. Otherwise,
we can also switch them freely, i.e., we are using the following equations:

Prki = Prkki — Pkik — Pikk> (2-29)
and
Prki = Prki — Pkik- (2'3())

Plug the above two equations 2.29 and 2.30 into 2.28, we see the fifth line is valid.
In the last line, we substitute the summable indice k£ with k, 7, and take the sum, re-

spectively. According to the positivity of the inner product, we know that inequality
holds.

Substitute 2.28 into the inequality 2.27. We see that all the third-order terms
on the right-hand side are eliminated, only the second-order terms left w.r.t. ¢:

—(m+Ap)™ Y g (Ap)i(Ap); + A (Ay)

7]
2.31
Z L+ ¢ 2 ( )
—m*“|.
1t

> AF + <1nf Rul>

13



Then, we substitute the above inequality 2.31 into 2.25:

. 1+ o5 9
AF +inf (R E et
+ 11171él (R;7) ( T o m )]

il

A'(exp{—Cyp}(m + Ap)) > exp{—Cyp}

— Cexp{—Cp} (A'p) (m + Ap).
(2.32)

Continue to simplify the above inequality:

Since at the maximal point of exp{—Cp}(m + Ayp), the left-hand side of 2.32 is
smaller or equal to 0, we will try to deduce the right-hand side to terms only related
to A, and thus get upper estimates of the second terms.

In the special coordinate, we have:

1
A/(p:m_gl—%%@ﬁ.

We also have the following identity:

Zii—ii - (Z 1+1%) (Z(Hw)) = (m+ Ap) (Z 1+1¢-—->’ (2.33)

il i l

Substitute the above equation into 2.32:

Nlexp{~Co}m + B) 2 exp{~Coo} (BF — i nf (R

: . L+ ¢i
+ exp{—C¢p} 12% (Rar) (Z )

L+

— Cexp{—Cop}m(m+ Ap) + Cexp{—Cyp}(m + Ap) Z

i

= exp{—Cyp} (AF —m? H;g (Rﬁﬁ)) — Cexp{—Cy¢}m(m+ Ayp)

+ (C+ iigg(Rmz)) exp{—Cp}(m + Ap) (Z 1+1%> :

i

oo (23

We want to represent the term ) . ; +1so-- in the right-hand side by m + Ay, thus
the following inequality is needed:

L (Sl )V
Z L+ i - (Hz (1+ %Z)) . (2:35)

We first prove the above inequality. Take the (m — 1)-th power on both sides:

(m—1)
1 > L+ i)
(Z 1+ %’E) - IL (1 +¢a) (2:36)

7
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We can see that the left-hand side is to take arbitrarily m — 1 terms of ), - +1<P

and multiply them together. This allows some repetition, such as the term looks like

(m—1)
(1 Jioﬁ) . However, on the right-hand side, there are only terms with different
1

indices, i.e., each term is a product of m — 1 terms that look like ; T

Thus, the right-hand side is included in the left-hand side. And according to
the assumption, (ggj) is positive definite, i.e. for any 4,1 + ¢;; > 0. Therefore, the
inequality 2.35 holds.

We continue to simplify the right-hand side of 2.35.

The numerator is
D (L4 pa) =m+ Ag. (2.37)
Combine with the fact that ¢ satisfies the complex Monge-Ampere equation 2.1, in
our coordinate, the left-hand side of the equation is a diagonal matrix, thus:

0%
det (gij + W) = H (1+ ¢;5) = exp{F}. (2.38)
Substitute the above equation and 2.37 into 2.35, we have:
1 —F
> Ap)t/m=1) — 5. 2.39
> e A Ve § (239

Substitute the above equation into 2.34 and sort out, we find:

Nexp{~Cihm+ Ap)) 2 exp(~Cioh (AF — it (Ra)
— Cexp{—Cy}m(m + Ayp)

+ (C +inf (Rmz)) exp{—Cp} exp {m——Fl} (m + Ap)t+/m=),
(2.40)
We can choose the constant C' large enough, s.t.:
C+ gg(nglz) > 1. (2.41)
This assumption assures the coefficient of the highest order terms w.r.t. to m + Ay
in 2.40 is positive.

We know that exp{—Cy}(m + Ap) must achieve its maximal on the compact
manifold at some point p. At this point, the Laplacian is non-positive. Thus, at p,
the left-hand side of the inequality 2.40 is non-positive, and we have:

02 AF —m’inf (Rgg) — Om(m + Ap)

. F .
e (ernttnan) oo { 5 o sy
(2.42)
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Set the crucial term m + Ay to be y, then the above inequality can be regarded
as an inequality w.r.t. y:
y /M= < gy 4 b, (2.43)

Thus, we can deduce that either y't1/(m=1) < 2ay or y'+1/(m=1) < 2p is true. No
matter which inequality holds, we get an upper bound estimate of y w.r.t. a,b.

Therefore, we can implement a similar method to inequality 2.42. This gives
us the upper estimate of (m + Agp)(p) in terms of sup,,(—AF), sup,, [inf;s; (Ri7)l,
C' - m and sup,; ', which we denote by (1, i.e.:

(m + Ap)(p) < Ch, (2.44)

where the constant C'; only depends on the manifold M and its initial Kéhler metric.

In particular, we should notice the power of the right-hand side in 2.39, which
is slightly greater than % In the inequality 2.35, we may wonder if we can use the
mean value inequality directly and get:

2:1;¢j2mxﬂlﬂ+wm=wwmﬂ§} (2.45)

If we apply the above inequality to inequality 2.34, by similar computation, we have
the following inequality that looks like 2.42:

F
02 AF — iyt (Raa) ~ Cm(m + )+ (€ 4 inf (R ) o + A exp)
F
= AF — m2inf (Ray inf (R L A
m 1@21 (Rull) + |:(C + lzl;l (Rull)) eXp{m} C:| m(m + 90)

= AF —m? 1}55 (Riir) + {(exp{%} - 1) C+ 11%’ Ry exp{g}} m(m + Agp).
(2.46)
In this way, the coefficient of C' in the above inequality may not always be positive.
However, we need C' to be positive. If exp{%} — 1 is negative, as C' becomes large,
we cannot get an upper bound estimate of m + Ay. Therefore, the inequality 2.35
is necessary and ingenious.

So far, we have the maximal estimate of m+Ag at the point p, where exp{—C¢}(m+

Ap) achieves its maximal on the whole manifold. We still want to know the estimate
of m + Ay not only at p but on the whole manifold M. This relies on the uniform
bound of ¢:

exp{—Cyp}(m + Ap) < exp{—Cop(p)}(m + Ap)(p)
=exp{—Co(p)} - Ci
< C - supexp{—Cop} (2.47)

= () -exp{—-C 1]r\14f ©}.
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Therefore, after shifting terms in the above inequality, and together with the pos-
itiveness of Hermitian metric, we have the second-order estimate of ¢ in terms of
the lower bound of ¢ itself:

0<m+Ag0§CleXp{C’(go—iﬂn4fgo>}. (2.48)

2.2 A Priori C° Estimates

In this section, we will first use the properties of Green functions to give the integral
estimate of ¢, i.e., the L-norm estimate. If we both have the L' and C? estimates
of o, with Schauder theory in elliptic equations, we will have the C! estimate of .
Therefore, the C', C? estimates are reduced to the C° estimate. And giving the C°
estimate is also the most crucial step in Shing-Tung Yau’s paper.

First, using the Green function, we can give the upper bound estimate and L*
estimate of ¢ without many difficulties.

Suppose G(p, q) is the Green function of Laplacian on the compact manifold M.
The classic differential equation theory assures the existence and uniqueness of the
Green function. One can reference the book [Lil2], Chapter 17.

And we can always find a constant K only depends on the manifold M, s.t.:
G(p,q) + K > 0. (2.49)

Since the manifold M is compact, we don’t need to consider the boundary terms.
Together with the regularity assumption of ¢, using the Green formula, we have, for
any p € M:

o(p) = —/MG’(p, q)Ap(q)dq

(2.50)
= —/ (G(p,q) + K)Ap(q)dg.
M
By integral by parts, we know the integral of the Laplacian of a function is always
equal to 0 on compact manifolds. Thus, the last equality holds. We add the constant
K to ensure the positive sign of G(p,q) + K.

Recall that we have m + Ap > 0, i.e. —Ap < m, and substitute it into the
equation above:

sup ¢ < m sup/ (G(p,q) + K)dg. (2.51)
M M

peEM
Therefore, we give the upper bound estimate of , which only relies on the

estimates of the fixed Green function. To get the estimate of sup,, |¢|, we still need
the lower bound estimate of ¢, i.e., we need to give the estimate of inf,; .

17



By the above inequality and our assumption, | A P = 0, together with the triangle
inequality, we find:

/lez/ Isupso—w—supwlﬁ/
M M M M M

= (s]1\14p go) Vol(M) — /Mgo + (pr go) Vol(M) (2.52)

< 2m Vol(M) sup /M(G(p, q) + K)dg.

peEM

supso—s@‘ +/ | sup ¢|
M M

Since sup,,; ¢ > @, i.e., sup,; ¢ — ¢ > 0, we see clearly that the second line in
the above computation holds. By assumption fM ¢ = 0, thus, there is a point z, s.t.
sup,; ¢ > @(x) > 0. Therefore, we can remove the absolute value sign for sup,, ¢
in the first line.

To estimate sup,, |¢|, we still need the lower bound estimate, i.e. infy; . In
Yau’s paper, he gave two different methods to prove such an estimate exists, ac-
cording to whether the manifold’s dimension equals 2. Firstly, he gave the estimate
when m = 2, then the proof for arbitrary dimension.

Let’s first assume m = 2. We have had the estimate of sup,, ¢. Thus, we can
rescale to fix the sign of p. Because we want the lower bound estimate, w.l.o.g. we
assume ¢ is always negative. To achieve this, we can choose ¢ differs only a constant
from ¢:

p=p—1-m Sup/ (G(p,q) + K)dq. (2.53)
M

peEM

Substitute ¢ with ¢, and for convenience, we still write .

By the triangle inequality and the compactness of the manifold M, we still have
the L' estimate, i.e., fM |o| can be estimated, and also we know infy; ¢ < sup,,; ¢ <
—1.

The basic idea for the C° estimate is:

Firstly, consider the upper bound estimate of the integral [ i exp{kp?}, where k
is a positive number that satisfies some constraints. Suppose we have such an upper
estimate. We want a lower bound for this integral related to infy; . Then, we can
estimate inf; ¢ using the inequality. More specifically, we rescale the integral in
some geodesic ball, s.t. the radius of the geodesic ball relates to inf,; o, and by
assumption, exp{k¢?} is lower bounded in this geodesic ball. This will turn out to
give us the wanted inequality.

In order to show the upper bound estimate of [, exp{ky®}, we consider the
Taylor expansion of exp{kp?} w.r.t. ko

exp{ky?} = Z Egozp. (2.54)
p=0 *°
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Since the convergence radius of the series above is oo, i.e. the Taylor expansion
converges uniformly to exp{kp?}, we can take the term by term integral:

[ ewthr <> [ ol (2.55)
M o P Jm

Therefore, we need to give upper bound estimates of | Iy |o|? for any positive
integer p. For the special case, when p = 0, apparently we have [, 1 = Vol(M).

Firstly, by definition, suppose f € C?*(R),g € C?*(M;R), we have the following
Laplacian formula for composite functions:

Af(g) = f'Ag+ f"Vgl*. (2.56)

Thus, for any fixed p > 1 (note that we don’t require p to be an integer here), sub-
stitute f(z) = 2P, g = — into the above formula. Note that we use the normalized
Laplacian and inner product of the metric ¢’ here:

A (=) = —p(=)P ' Ao+ p(p — 1)(—¢)" 20 T i
|2

— —p(— P IA —1)(—p)P? |30—z
SR TR GO e (257)
= —p(—p)""! (m —2.7 +1w--) o= D0 %'

i 2

By assumption, now m = 2. Expand the summation, we have:
2

N =plp - D~y A7

L+

i

= 2p(=p)" +p(—) T (L o) (L4 o) (24 Ap)

|2 2.58)
— — (- p—2 |901| —9p(— p—1 (

p(p—1)(—p) Z Trg ~ (=9

+2p(—p)" " exp{~F}

+exp{—F} [~A(=¢)? +plp — D)(—)" 2[Vepl!] .

In the second line of the above equation, we use:
_ - 14 ¢11) + (1 + ¢22)

o) (L )t @4 Ap) = &

_1 1
l+@ir 149

In the last line of 2.58, we use the equation exp{F} = (14 ¢17) (1 + ¢93) and
the Laplacian formula for composite functions.
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Then, we multiply 2.58 by exp{F'} on both sides, and take integral w.r.t. the
volume form of the initial metric g = 3=, ; g;5dz' ® dZ’. By the complex Monge-
Ampere equation 2.1 and the fact that the integral of the Laplacian of a function
equals 0, we have:

/Mexp{F}A’(—gp)pw;” = /M A'(—p)Pwy = 0. (2.60)

Here, we use w, to denote the volume form in terms of the metric g. In this way,
the equation 2.1 is equivalent to:

wy' = exp{ F}wy". (2.61)

Shift terms, we then have:

2 [ (Cor - ep(F) =pr - 1) [ (or (Z %) exp(F)

- [ Aoy a-1) [ (or e

The second term on the right-hand side of the above equation equals 0, and we have:

(2.62)

V(P = gV V() = 3 (- (il
, i (2.63)
= T (—ey Vel
Therefore,
- - |90¢|2
2 | (=) (1 —exp{F}) =p(p—1) [ (—p)"" ( —) exp{F'}
/M /M Z 1+ g (2.64)

4(p—1 912
+¥/M‘V(_¢)p/, ,

Recall that we set ¢ to be less or equal to —1. Thus, we can scale the first term of
the right-hand side in the above equation. Because it’s greater than 0, and we get:

p/2 2 p2 p—1
[ 1o s in [ cortamentry. o)
Set Cy = sup,,(1 — exp{F'}). When p > 2, we have:
2<pp_ g<! (2.66)

Therefore, by 2.65, we have the following useful inequality:

/M [V(=er] < ﬁ ' /M (1 - exp{F})(— )"

< pCs / o,
M

20
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Remember that we aim to give the upper bound estimate of [ I |o|?? for any positive
integer p.

Next, we need to use the Sobolev inequality. One can refer to [EvalO]: Suppose
u € WHP(Q), where Q C R™ is a bounded open subset in the Euclidean space. When
n > p,set 1/p* =1/p —1/n, we have:

ull 1o* ) < C(Q, 1, p)[|[Vullwrir ). (2.68)

Since the manifold M is compact, we can always divide it into finite open subsets,
and each subset is diffeomorphism to some bounded open subset in the Euclidean
space. We have the Sobolev inequality in each such subset. Thus, together, we
see the Sobolev inequality holds on the whole manifold M, i.e., for any function
feWwh r < dimg(M), we have:

1A= ary < CULlerany + IV flleany), (2.69)
where the constant C' only depends on the manifold M.

Now, the complex dimension of the manifold m = 2 and the real dimension
n=4. Take r = 2,7* =4, and f = |¢]|%:

(/M\so|2p)l/4sc<(/M!so!p) (/ IV (—p)P? 2) 2)_ (2.70)

By assumption, ¢ is always negative on the manifold M. Take a square on both
sides of the above inequality and use the mean value inequality to the cross-product
term. Finally, substitute 2.67 into the inequality, we will get a constant C3 = 2C?
that only depends on the manifold M, s.t.:

([ 1) < ( [ievs [eeerer oo ([ o) ([ weorer) )
< 20? (/ |¢|”+/ W(—sf))””l?)
_03/ |¢yp+c*3/ V(- p/2

< 03/ |90|p+p0203/ o
M M

(2.71)
Since ¢ < —1, |p| > 1, we know |o[P~! < |p[P. Thus, we can scale the second term
in the last line of the above inequality:

[ o< (ca [ 1eppcca [ 1ol ) Careacn? ([ \solp>2- (272)

In this way, we can find a constant Cj that only depends on the manifold M, s.t.:

/M|90|2”§C4p2 (/M|30|”>2- (2.73)
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This inequality is useful in iteration since it estimates the higher-order integral norm
with only the lower-order integral norm.

Next, we need the Poincaré inequality. The reference is also [Eval0]:

Set u € WH'(M),u = W [3; w, which is the average of the function u on the
manifold. Poincaré inequality states that:

/M(u —u)" < CP/M [Vl (2.74)

where Cp is called the Poincaré constant that only depends on the manifold M.

By assumption [ % = 0. Thus, when we take r = 2, this inequality becomes
[y lel? < C [, [Ve]?, where the constant C' only depends on the manifold M. Also,
together with 2.67, we have:

[k = [ cerzc [ wepr<aca [ (2.75)

Therefore, we can get the L? estimate of ¢ with the previous L! estimate.

Next, we want to show that for any integer p > 1, there is a constant C5 that
only depends on the manifold M, s.t.:

P\ P/?
Jer<a(®)”. (2.76)
Set pg is the first integer, satisfies that for any p > pg, we have:
(p+1)/2 (p—3)/2
2 1
C4(1 4 Vol M) (%) < (1%) ) (2.77)

Such a pg always exists since we can shift the terms to the right-hand side and see:

(zil)(p—?’)/z

lim ~2 = lim e V%1 -

1 _5/2 2% 1
2\ (p11)/2 ) ' '
p—o0 (%) p—00 p+2

m = +00. (278)

The first two terms in the above limit go to a constant e~'/2, and the last two terms
go to +00. Thus, we know the limit is +oo.

On the other hand, we already had the estimates of ||| 1, ||¢||z2. In order to get
the higher estimates of ||¢||», we only need to use the Holder inequality repeatedly.
Suppose Q C R™, f € LP(Q2), g € LY(Q), % + % =1,1<p,q < oo, we have:

/Q Falde < | FIP - 1£1P. (2.79)

With above inequality and the useful inequality 2.73, we have the ||¢||z» estimates
w.r.t. arbitrary positive integer p.
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For example, we can consider a concrete norm:

The estimate of ||¢||zs. By Holder inequality:

Lot = [ oreer < ([ |90|4>1/2-< / |¢|6)1/2. (2:80)

Again, use the inequality 2.73 and the Holder inequality, we will get an estimate of
|l¢||s that only depends on the estimates of ||p||L1, |||l Lz

We still need to know how fast the estimate of ||| r» grows w.r.t. p.
With the above example in mind, we can describe the idea first:

We want to use the lower integral norm of ¢ to control the higher integral norm.
The most powerful tool is the inequality 2.73.

We continue the argument according to the different parity of p 4+ 1, and we can
get the result quickly:

First, take a sufficiently large constant C5, s.t. for any p satisfies 1 < p < 2p,
for all these finitely many terms, the inequality 2.76 holds. Then, by mathematical
induction, we want to prove that 2.76 holds for any p > 1.

If p+ 1 is even, we first apply the inequality 2.73. Then, by the induction
assumption, we apply the inequality 2.76 to get:

s (22 ()
(p+1)/4\ 2
<, ]il e pt+1 (2.81)
2 4
=C p+l i cvtl (P 4+ 1)\ PHD/2
2 5 4 '
Use 2.77 to scale the above inequality:
+1)\2 p+1 (p+1)/2
rtl < p+1 ot (2=
/M |l ! ( 5 ) 5 4
(p+1)/2
1 2
() () e

_(pt1\" 1 p+ 1\
-\ 2 (1+Vol(M)) \ 2 b

(p+1)/2
< ol (%) P |

(2.82)

Thus, we know if we use p + 1 to replace p, the inequality 2.76 still holds.

If p+ 1 1is odd, we also first use the inequality 2.73, which allows us to descend
the order of the integral norm of ¢. Then, we use the Holder inequality to scale
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|| PH1)/2 t0 || P+2)/2, Thus, we can still use the induction assumption in 2.76. Here
is the computation:

p+1
lelp+1 < 0y ( (/ |<,0|(p“)/2)

p +1 (p+1)/2 |
<Ci|—— \90| 1

p+1 pil p2 =2 iz i
(Lo (L)) e

M M
2(p+1)/(p+2)
o (P—l— 1 [/ |90|(p+2)/2] Vol(M)z/(p”)
2 M
1 2 ) (p+1)/2

<0y (1%) crtt (7%) Vol (M) ®+2),

Note that in the third line of the above inequality, we take the power in Holder
inequality to be p +2 ,p + 2, respectively, s.t.:
+1 1
prl 1
p+2 p+2
Thus, we know that when p 4 1 is odd, the inequality 2.76 holds.

(2.84)

Therefore, there is a large constant Cs, s.t. for any positive integer p > 1, the
inequality 2.76 holds.

According to the idea stated above, we can apply the inequality 2.76 to 2.55:

]{?2 < _/ 2p
| e SRyl

(2.85)

By the Stirling’s formula, for any positive integer p:
pl > 2mpPti/2eP, (2.86)
Plug the above inequality into 2.85, we have:

[ s 2}<§:L(02)ppp
wo TS L ey

Z —-1/2 k:C’2 )p -1/2

p=0

(2.87)

Set a := kCZe. We consider the convergence of the following series:

CLp
Z 7 (2.88)

p=0
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By the ratio criterion:
a1 aP

PESRLTE
Thus, if we want the series to converge, we need to restrict k, s.t. k < Cy

i,e. a < 1. In this case, we know the right-hand side series of 2.87 is convergent.
Therefore, we have an upper estimate of [, exp {k¢?}.

lim = q. (2.89)
p—s00

26_1,

Next, we can give the estimate of sup,, |p|: Set A = f, then by the inequality
2.48:

—m < f < Cyexp{Csup p}exp {— i]r\14f go} , (2.90)
where C', C' are known positive constant.

By Schauder estimates, one can refer to [Mor66] p.156(5.5.23), we know there is
a constant Cg that only depends on the manifold M and C; exp {C'sup ¢}, s.t.:

sup |Vo| < Cg (exp{—C’inf o} +/ |go\) : (2.91)
M M

Together with the previous estimates 2.51 2.52, and the estimates for [|¢||,: and
sup,, ¢, we can scale the right-hand side of the above inequality. Thus, we get a
constant C7 that only depends on the manifold M and C| s.t.:

sup |Vo| < Cr(exp{—C'inf ¢} + 1). (2.92)
M

As stated before, we consider a special geodesic ball on the manifold M:

Set ¢ is to be a minimal point of ¢ in the manifold M, i.e. ¢(q) = infy; ¢. Con-
sider the geodesic ball, centered at ¢, and with radius r = —1 (inf ¢)C; " (exp{—C'inf ¢} +
1)~!. Note that — inf,; ¢ is assumed to be a large positive number. Otherwise there
is an estimate for inf,; ¢ anyway. Thus, we can further assume the radius of this
geodesic ball is smaller than the injective radius of the point ¢. Then, by the mean
value theorem, since we have an estimate for V¢, in this geodesic ball, we always
have ¢ < %infM ©.

We scale smaller the upper bound estimate of [, exp {ky?}, at any point on the
manifold M, we have:

exp {k¢®} > exp {kz(% iﬂr}jf 90)2} . (2.93)

Therefore,

1 1 2m
/ exp {k¢’} > Csexp {Z_Lk(_ inf gp)Q} <—§ inf go) C ¥ (exp{—Cinf @} +1)"2™
B(g,r)

(2.94)
where Cy is a positive constant that only depends on the manifold M.

Because the right-hand side can be regarded as an increasing function of — inf,; ¢,
and goes to 400, as —inf; p goes to +00, and now we know the right-hand side
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has an upper bound. As a result, we know — inf; ¢ is upper bounded, and inf,; ¢
is lower bounded. Together with the estimate for sup,, ¢, we get the estimate for
sup,y ¢, i.e. the C° estimate, when m = 2.

Next, we don’t assume that m = 2, and give the estimate of inf,; ¢ for general
dimension.

Suppose N is some positive integer. In order to be different with the inequality
2.34, we replace the C' there with N, and get:

Nexpl-No}m + 8) 2 exp{-Neh (AF — it (R
— Nexp{—Np}m(m+ Ap)
+ (N +inf (Rim)) exp{—Ny}(m + Ayp) (Z 1 +1 W) :

" (2.99)

Similar to the previous argument, to fix the sign and to compute further esti-
mates, we need to set N large enough, s.t.:

1
N +inf(R=7) > =N. 2.96
+ lzr;tlél( zzll) =9 ( )

Recall we have the conclusion 2.39, which is obtained by using the special in-
equality 2.35. Multiply the following term on both sides of 2.39:

(N +inf <Rw>) (m+ Ag),

and we have:

, 1 1 _F o
7 > R m—1
<N+1Z.%(le)> (m + Ayp) (E@ 1+%‘> > 2Nexp{m_1}(m+Agp) T

(2.97)
Also, we use the fact that if x € R is bounded from below, there is some constant
c, s.t.:

e g > e (2.98)
With the inequality above, and together with the positiveness of the Kéhler metric,

set x to be m + Ap. We know there is a constant Cy that only depends on sup F’
and m, s.t.:

%N exp {_—Fl} (m + Ap)™ D > INm(m + Ap) — NCy. (2.99)
m
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Substitute 2.96, 2.97 and 2.119 into 2.95, we have:

Al(exp{—Np}(m + Ap)) > exp{—Ny} (AF —m’ nf (Rm)> — Nexp{—Nyp}m(m+ Ay)

1 _F m
+ §Nexp {m} (m + Ap)m—T exp{—Ngp}

> exp{—Nyp} (AF —m? 135 (Ri) — NCg) + Nexp{—Ne}m(m+ Ay).

(2.100)
Multiply exp{F'} on both sides, scale a little bit, and multiply the coefficient into
the bracket of the last term m + Agp. We have:

exp{ F'}A’(exp{—=Ny}(m + Ayp)) > exp{—Ne} exp{F'} <AF —m? 1@12 (Rizir) — NC'9>
+ Nexp{—Ng} exp{inf F}m(m + Ayp)
= exp{—Ny} {exp{F} (AF —m? 1;5 (Riit) — NC’g) +m?N exp{inf F}}

+ mN exp{inf F'} exp{—N¢}Agp.
(2.101)

Then, compute the Laplacian of the composite function exp{—Ny}:
Aexp{—Ng} = —Nexp{—Np}Ap + N? exp{—N}|Vp|>. (2.102)

Plug the first term on the right-hand side of the above equality into the last term
on the right-hand side of 2.101:

exp{F}A'(exp{—=Np}(m + Ag))
> exp{—Nyp} {exp{F} (AF —m? 1;5 (Rizip) — NC’g) + m?N exp{inf F}}

+ mexp{inf F'} (—Aexp{—N¢} + N*exp{—Np}|Ve|?).
(2.103)
The terms in the brace of the above inequality are bounded from below on the
compact manifold M. We denote it as —C'g, and it only depends on N, F' and the
manifold M:

exp{F"}A'(exp{—Np}(m + Ay))
> —Cypexp{—Np} + mexp{inf F} (~Aexp{=Np} + N? exp{—Ne}|Ve|*) .
(2.104)
Multiply the above inequality with the volume form wy® w.r.t. the initial Kdhler met-
ric and take the integral. By the complex Monge-Ampére equation wy! = exp{F'}wy",
we know the left-hand side and the second term on the right-hand side are both equal
to 0. Furthermore, multiply + on both sides, we have:

4
N7 | exp{=Ne}[Vep|" = | [Vexp{—5No
1y o 2

1
< chom_lexp{—ian}/ exp{—Ng}.
M

2

(2.105)
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With these preparations, we will give the upper bound estimate of f v exp{—Np}.

We use the contradiction argument. Suppose there is no upper bound for
[y exp{—Np}, ie. [, exp{—Np} = +oo. Recall that we have some regularity
assumption of ¢. Thus, according to the Sobolev approximation theorem, refer to
[Eval0]. We know there is a sequence of {¢;} converges to ¢ in the H*(M) norm.
And each term satisfies the L! estimate in 2.52 and the above inequality. However,
the limit of its integral goes to infinity:

lim | exp{—Ng;} =+oc. (2.106)
21— 00 M
We define:
~ exp{—Ny;}
—N iy = R 2.1
exp {—N@i} T e (—Neid (2.107)
and
1 ~1Ng,
exp {—éN@} S G 12D - (2.108)
(Jfu exp {=Nei})*

In particular, we can compute:

1 2 Vexp {—iNg}|”
/ ’Vexp{——Ncﬁz} _ JulVesi=sNed[ (2.109)
M 2 fM exp {—Ng;}
Therefore, by the inequality 2.105, we have:
1.1 . :
V exp _EN% < ZOIOm exp{—inf F'}. (2.110)
M

From the above inequality, we know that [, |[Vexp {—iNg;} |2 is uniformly upper
bounded, and the upper bound only depends on the constant N, F' and the manifold
M itself.

By the Sobolev embedding theorem [Eval0], we know that H'(M) cC L*(M)
is compact embedding, i.e. for any bounded series in H'(M), there is a subsequence
that converges in the L?(M) norm, and the limit function still belongs to L*(M).

By definition 2.108, we have:

1
[ {5
M 2

Therefore, we consider the sequence {exp {—%N @i}}, and by the inequalities
2.110 and 2.111, we know this sequence is bounded in H'(M). Thus, a subsequence
converges in the L?(M) norm. Moreover, this subsequence’s limit function f still
belongs to L?(M). W.l.o.g, we denote this subsequence as {exp {—%N@i}} itself.

© Juexe{—3Nyi 2}
fMeXp{—Ngo,;}

1. (2.111)
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On the other hand, for any A > 0, we have:

ol / ol + / o]
/ {2llp(@)|>A} {ollp(@)|<A} (2.112)

= AVol{z | [¢(z)| = A}

Rewrite the above inequality:
1
Vol{allgl() 2 A} < 5 [ Il (2.113)
M

Furthermore, according to the definition 2.108, write exp{—%N @i} explicitly,
and take natural logarithm on both sides, then tidy up the result:

Vol {m exp{—%Ngoi} -
(s exp{=Ng;})?

—log/ exp{—Ng;} < gp,}.
(2.114)

1
A< exp{—ﬁN@}} =Vol<x| A<

:VOI{

By assumption, we have lim;_,, f o €XP {—%N i} = 0o. Thus, when i is suffi-
ciently large:

1 2
Vol{x )\gexp{—ﬁN@}}g\/ol{x O<N10g)\+—log/ exp{—Ng;} <‘

2
< <Nlog)\+—10g/ exp {— N%) / |0i -

(2.115)
The first inequality holds because when i is large enough, it first assures that

2

Nlog)\—l——log/ exp{—Ng;} > 0,

|

and if we replace —p; with |p;| in 2.114, the measure is non-decreasing. The second
inequality holds because of the inequality 2.113.

By assumption 2.52, the sequence { | I ]goz|} is uniformly bounded. Thus, let ¢
tend to oo in 2.115, the numerator is bounded, the denominator tends to infinity,
and the whole right-hand side tends to 0. Therefore, for any A > 0, we have:

1
lim Vol {x | A <exp {_§N¢Z}} =0. (2.116)

1—00

Next, we consider the measure of the set {x | A < f(z)}: Firstly, since f is the
L*(M) limit of the sequence {exp {—1N@;}}, we have f > 0. We then prove the
following relation:

(2] < f()} C {x 2A< ‘f — exp {—%N@}' }U {x | 2A < exp {—%N@}} .

(2.117)
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This is because if ‘f — exp {—%N@H < %)\ and exp {—%Ncﬁi} < %)\, we will have:

f=1fl < ‘f—exp{—%N@H+eXp{—%N¢i} <\ (2.118)

Thus, if f(x) > A, x must belong to at least one set of the right-hand side of 2.117.

Then, by the subadditivity, we have:
1 1

1 1
5/\ S’ f —exp{—éN@}‘ , } —I—Vol{a:

< 4/ f Ly 2+V1 Ly < Lvs
=%/ exp 4 5N @i olqz| A <exp 5 Vi .
(2.119)

By assumption, exp {—1N@;} converges to a function f € L*(M) in the L?
norm. Thus, the first term in the second line of 2.119 tends to 0 as ¢ — oo. And
from 2.116, we know the second term in the second line of 2.119 also equals 0.
Therefore, for any A > 0, we have:

Vol{z | A < f(2)} < Vol{x

Vol{z|A < f} =0. (2.120)

Because f is the L? limit of exp {—%N @i}, f > 0. From the above equality, we
know that f equals 0, a.e. on the manifold M. However, by 2.111, we know the
L?*(M) norm of exp { —3N@; } always equals to 1. Thus, [,, f? = 1 which apparently
contradicts with 2.120.

From the process of the computation above, we can see that it only relates to
the constant N, F' and the manifold M. Therefore, we not only proved the existence
of the upper bound estimate of | 1 €Xp{—Ny} but also know the bound relies on
the constant NV, F' and the manifold M.

Then, we use a similar argument of the case m = 2. The Schauder estimate
holds for any dimension. Therefore, we can find a constant C; that only depends
on the constant C' and the manifold M, s.t.:

sup |Vo| < Cr(exp{—C'inf ¢} + 1). (2.121)
M

We still consider the geodesic ball that centered at the minimal point ¢ of ¢, and
radius —% inf pC; ! (exp{—C'inf ¢} + 1)~!. Similarly, we can suppose the radius of
this ball is smaller than the injective radius of q. The mean value theorem shows
that ¢ is no greater than %inf um ¢ inside this ball.

When N is large enough, we have:

1 1 o
/ exp{—Ng} > Cisexp {—5]\[ inf gp} (—5 inf gp) C 2 (exp{—C'inf p}+1)"2",
B(a;r)
(2.122)
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where (15 is a positive constant that only depends on the manifold M. Now,
we proved that f 1 &XP{—N¢} has an upper bound that only depends on N, F' and
the manifold M. Since the right-hand side of the above inequality is an increasing
function w.r.t. —infy; ¢ and tends to +o0o0 as —infy; ¢ tends to infinity. Now, we
proved it’s upper bounded. Furthermore, we know that — inf,; ¢ is upper bounded.
Therefore, we have the estimate of sup,, |¢|, i.e. the C? estimate of .

By far, we have the estimates for sup,, ||, sup,,; |[V¢| and sup,,(m+Agp). Since
(9i; + ¥i;) is a positive definite Hermitian Matrix, in our special coordinate, for any
1 1+ ¢ is always positive, and we have:

L+ @z <m+Ap=> (1+¢;) (2.123)
Together with the estimate of sup,,(m + Ag), we get the upper bound estimate for
every 1 4 5.

Also, T2, (14 ¢s) = exp{F'}. If there is some i, s.t. 1+ ¢ tends to 0. Then,
there must exist some j, s.t. 1+ ¢,; tends to oo which is not possible. Therefore, a
positive lower bound exists for every 1 + ¢;;.

Thus, we proved that the metric 7, .(g;; + 0%¢/02'077 )dz" ® dZ’ is uniformly
equivalent to Y, . g;;dz" ® dz/.

To sum up, we have proved the following proposition:

Proposition 2. Let M be a compact Kdhler manifold, and its Kdhler metric is
9=>; gi5dz" @ dz7. Suppose ¢ € C*(M) is a real-valued function, s.t.:

/M =0, (2.124)

2

0 , 4
Z(gij + 8,2%’2)02]’ )dz' @ dZ’ (2.125)

and

2%
defines another Kdhler metric of the manifold M. If for some real-valued smooth
function F € C>*(M), we have:

2

) ¢ N1
det(g;7 + W) det(g;;)” = exp F. (2.126)

Then, there are constants Cy, Cy, Cs and Cy that only depend oninfy; F,sup,, F,infy AF
and the manifold M, s.t. sup,, || < Ci,supy, |Ve| < Co,0 < C3 < 14 p; < Oy, Vi.

2.3 A Priori C? Estimates

We follow the method used by Calabi [Cal58], consider the function:
S=>"g"g" g M r (2.127)
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We consider things in the special coordinate since the above expression is inde-
pendent of the local coordinate. Thus, at one point, the metric matrix (g;;) equals
to the identity matrix, and (y;;) is a diagonal matrix. By a rather complicated
computation, we have:

AS=Y (1+0a)  (L+ 7)1+ o) (L + Paa)
2

~1
X |Pijka — ) PapkPrja (1 + 0pp)
J ; D Py pp (2128)
2
—1
+{igha — Y (Lriayin + Prinpia) (1 + 0pp) :
p

where A = B stands for |A — B| < 1S + Cyv/'S + Cs, and the constants Cy, Cy, Csy

are known.

On the other hand, according to previous computation, we have:

- - 2
N(Ap) 2> (L4 o) (L+ i) o] — Ca, (2.129)
where C} is a constant that can be estimated.

We suppose Cf is a large enough constant, s.t.:
A/ (S + C5AQO) > CGS — 07, (2130)

where Cg, C'; are both constants that can be estimated.

Add CsC5A¢ on both sides of the above inequality, and we have:
A/ (S + C5A(,0) + O(;C%A(,O Z CGS - 07 + CﬁC{,AQ@ (2131)

At the maximal point of S + C5Ap, we know A’ (S + CsAp) < 0. Thus, after
shifting terms, we have:

Since we have the uniform estimates for Ay, the right-hand side of the above
inequality is bounded. Thus, we have the estimate for sup,,(S + C7Ayp). This turns
out to give the estimate of sup,,; S. And remember that in our special coordinate,
(9;7) and (p;;5) are both diagonal matrices, we have the estimates of ¢, for any
i,j, k. We note that adding the term CsC5Ap on both sides of 2.130 helps us have
the term S + C5Ap.

To sum up, we have the following proposition:

Proposition 3. Set M is a compact Kdihler manifold, with Kdihler metric g =
> i 9i3d2" @ dZ . Suppose p € CH(M) is a real-valued function, s.t.:

/ @ =0, (2.133)
M
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and 3. (gi + ~22)d2 @ dZ¥ defines another Kihler metric of the manifold M.
i, J 020z

If ¢ satisfies the following equation where F' € C*(M) is a real-valued smooth

function :
2

0% -1
det(g;; + —8zi8§j) det(g;;)”" = exp F. (2.134)
Then, there is estimates for ;5 that only depends on Z” gijdzi ® dz’, sup,, | F|,
supy, |VF|, supy, sup; |F;| and sup,, sup; | Fjy.
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Chapter 3

Solution to the Complex
Monge-Ampere Equation

Now, we can continue to prove the regularity of the a priori solution and get a
smooth solution of the complex Monge-Ampere equation:

2

a ¥ N\N—1 0 .
+ W) det(gij) =expF,Fe(C (M,R) (31)

det(g;;

Take integrals on both sides of the equation. We know that the Ké&hler metrics

in the same Kahler class give us the same volume of the manifold by taking the
integral of the volume form. In fact, we can rewrite the above equation:

(w+ V—100p)™ = exp{ F}w™. (3.2)

Expand the left-hand side, and by integral by parts, we can see why this is true.

Thus, we know the necessary condition for the function F is
/ exp F' = Vol(M). (3.3)
M

Next, we will prove that if F € CK(M),Vk > 3 and F satisfies the con-
dition above. Then, there is a solution ¢, satisfies the equation 3.1, and ¢ €
CHHLa(M), V0 < a < 1.

We will use the classic continuity method to prove the existence of such a solution,
which is a useful tool in solving non-linear differential equations. To use this method,
first, we need to consider a family of parametrized solvable complex Monge-Ampeére
equation, s.t. we clearly know the equation is solvable at one side of the interval of
the parameter t. Then, we want to show that the set of ¢ is both open and closed.
This demonstrates that at the other side of the interval, the complex Monge-Ampere
equation is still solvable.

35



Explicitly speaking, we consider the set:

2

. (oal% -1
S = {t € [0,1] | The equation det (glj + m) det (gij)
(3.4)

-1
= Vol(M) {/ exp{tF}] exp{tF'} has a solution ¢ € Ckﬂ’a(]\/[)} :

We can directly see that 0 € S. Since when t = 0, every arbitrary constant function
@ satisfies the equation.

If we can further show that the set S is both open and closed, S must be the
whole set, i.e., S =[0,1]. And 1 € S means there is a solution ¢ € C*1(M) for
the complex Monge-Ampere equation.

First, in order to show S is open, we use the standard inverse function theorem
[Sch69]:

Theorem 1 (Inverse Function Theorem). Set X,Y as two Banach manifolds, x¢ €
X,yo €Y, and let G : X =Y be a map with C'-Frechet derivative. Suppose: (1)
G(xo) = yo; (2) DyyG : T, X — T,,)Y is an isomorphism between Banach spaces.
Then, there are open neighborhoods U,V , s.t. xg € U C X,yo € V C Y, and a map
F .V — U with C*-Frechet derivative and G(F(y)) =y,Vy € V.

Although we didn’t give rigorous definitions for some concepts, we can still make
an analogy with the inverse function theorem in the Euclidean space when using this
theorem. The application is straightforward.

We set:
0= {gp e C*L(M) | 1+ @57 > 0,Vi, and / o= } (3.5)
M

and

B = {f € CF1to(M) | /Mf = VolM}. (3.6)

By definition, we know that 6 is an open set in the Banach space C**1%(M), and
B is an affine hyperplane in the Banach space C*~%¢(M). In fact, for any function
f € B, consider the function f — 1, we have [, (f —1) = 0. Thus, after the
translation of B, we will get a linear hyperplane in the Banach space that passes
the origin.

Consider the map G : § — B:

2

B d%p =1

To use the inverse function theorem, we need to compute the differential of G at
any given point ¢g and expect the differential to be both injective and surjective.

36



This way, we get an isomorphism between two infinite-dimensional linear spaces.
We use the differential rule for the determinant:

d
dGyo(po +p) = - | Gloo+1y)
=0 52 (3.8)
2 _
= det (54 5 ) ) Do)
Thus, the differential of G at a point g is det (gi; + 83-25’;]-) det(g;7) "t Ay, where
Ay, is the Laplacian in terms of the metric >, .(g;5 + aazjggj Ydzt @ dZ7.

Since B is an affine hyperplane, the tangent space of B at any point consists of
the function in C*~1*(M) and satisfies [,, f =0, i.e.m

{f e Cc* o) | /M =0}, (3.9)

Next, we use the Fredholm alternative theory, [Eval0]. We know that the condition
for the weak solution of A, ¢ = g to exist is [,, gdV,,, = 0. Therefore, if we want
the weak solution of the following equation exists:

At _
det (gij + 82@,(;) det(g:;) Ay = f, (3.10)
which is equavalent to
A o= det (g 4 20 71dt - 311
we need:
82900 -

Thus, all the images of dG,, belong to the tangent space of B. And now, we will try
to demonstrate that the differential of G' at some point ¢q, dG,, is both injective
and surjective:

By the classic Schauder estimates, we know that for the elliptic equation 3.10, we
only need the function f € C*~1%(M) to assure there is a solution ¢ € C*t12(M).
This shows the differential map dG,,, is surjective.

We still need to prove dG.,, is injective. Consider the following equation:
2

., 9o -1 _
det (gij + 6ziazj> det(g;7) Apyp = 0. (3.13)

Apparently, ¢ = 0 is a solution to the above equation. Because the difference of
every two solutions to the equation 3.10 is a solution to the above equation. By
the maximal principle, we also know that every two solutions to the above equation
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differ most by a constant. Since we already supposed ¢ to satisfy [ v =0, we
know ¢ = 0 is the unique solution to the equation 3.13.

Therefore, we proved that dG, is a linear, injective and surjective map. Apply
the inverse function theorem. We know that dG,, is invertible and G' maps some
open neighborhood of ¢y to an open neighborhood of G(gg) in B. Therefore, we
know S is an open set.

Next, we need to prove S is a closed set:

We consider to prove S is self-sequentially compact, since in R, a set is compact
is equivalent to self-sequentially compact and also equivalent to a bounded closed
set. Suppose {t,} is a sequence in S, i.e., we have the sequence {p,} C C*1*(M),
s.t.:

det (gij + afquz j> det (g;;) " = Vol(M) ( /M exp {th}) B exp {t,F}.  (3.14)

Since if we add or subtract any constant to the solution ¢,, we still get a solution to

the above equation. W.l.o.g, we suppose fM ¢, = 0. Take differential w.r.t. % on

both sides of the above equation in the normal coordinate and use the differential
formula for the determinant. We have:

0 - ? %)
d t i N d N ,Z]* _q
¢ (9” * azzaza) 29 5opm <6zi">

2

-1 5
= Vol(M) (/M exp {th}) 5 [exp {t,F'} det (gzg)](?: .

%¢q )

where (g;ﬁ ) represents for the inverse matrix of (g;; + 5755

We have proved there are uniform estimates for 1 + ¢, i.e., the above equation
is uniformly elliptic, and together with the third order estimates for ¢, we know the
left-hand side is a-Hélder continuous, where « is an arbitrary number in [0, 1].

Now, we use the regularity theory for uniform elliptic equations with continu-

ous coefficients. By Schauder estimates, we will get the C**(M) estimates of %.
Similarly, we have the C%%(M) estimates for %. Therefore, we know the coeffi-

cients of the above equation belong to C1*(M). We will finally get the C*+1 (M)
estimates for ¢, using the so-called Bootstrap method. Then, by the Arzela-Ascoli
theorem, we know there is a subsequence of {¢,} that converges to ¢ in the norm
of C**1e(M), and ¢ satisfies:

2

det (gi; + afi (;’; j) det(gi5) ™" = Vol(M) ( /M exp {toF}) B exp {toF},  (3.16)

where ¢y = lim,_, t,. Thus, a convergent subsequence of {t,} exists. And we know
S is closed.

Therefore, we have the following theorem:
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Theorem 2. Let M be a compact Kihler manifold, and its Kdhler metric is Z” gi;dzi@)
dz’. Suppose F € C*(M),k > 3 and [y exp F = Vol(M). Then, there is a function
p € CHLYM) V0 <a <1, st > g+ %)dzi ® dz’ is still a Kdihler metric,

and satisfies:
2

D%y
det (gi; + m) = exp Fdet (g;;)- (3.17)

Recall the Calabi Conjecture:

Let M be a compact Kahler manifold and its Kahler metric is », ; g;;d2' ® dz/,
its Ricci tensor is ), R;3dz" ® d2/, Shiing-Shen Chern [Ched6] proved the (1, 1)-
form that relates to the Ricci tensor: \/2—? ZZ i R;;dz" NdZ’ represents the first Chern
class of the manifold M.

Then, Calabi asked the following question:
If the (1, 1)-form % > j Rﬁdzi A dz? is another representative element of the

first Chern class. Can we find another Kahler metric, s.t. its Ricci tensor is exactly
The above theorem confirms the Calabi Conjecture. In fact, we know:

2

0
Raﬁ = —Wlogdet(gw) (318)

By the assumption % > fx’agdza A dZz” represents the first Chern class, and by the
00-lemma, we have:

- 82f
Ry3=R.5— ——— 3.19
op of  §repzh’ (3.19)
where f is a real-valued smooth function.
According to the above theorem, we can find a smooth function ¢, s.t. >, :(g;;+
82

5oy )dz' @ dZ s still a Kahler metric, and satisfies the equation:

D% -1
det <ga5 + W) det(g.5)" = Cexp{f}, (3.20)

where C' is a fixed constant, s.t.:
/ Cexplf} = Vol(M). (3.21)
M

Therefore, so far, we have proved the following theorem:

Theorem 3. Let M be a compact Kihler manifold, and its Kdhler metric is Z” gijdzi®
dz’. If the (1,1)-form % D i Ri3dz' NdZ? corresponds to the tensor D i Ri;d7 @
dz’ represents the first Chern class ci(M). Then, we can find a Kdihler metric
Zi,j Gi;dz" ® dZ7, s.t. its Ricci tensor equals to Z” Rﬁdzi ® dz’. Furthermore, the
Kdhler form of the the new metric is in the same Kdhler class as the original Kdihler
form, and the Kdhler metric satisfies the above conditions is unique.
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Chapter 4

Complex Monge-Ampere Equation
with More General Right-Hand
Side

In this chapter, we will study the following equation:

2

P p
et (054 sy ) = xplF (o)} denl), (4.1

where ;. g;d2"' ® dz’ is the Kahler metric of the compact Kéhler manifold M, and
F is a smooth real-valued function defined on M x R satisfies that %—f > 0.

To solve the above equation, i.e. find such a real-valued smooth function ¢, and

s.t. Zz‘j(gij + azai;; )dz' @ dZz7 is still a Kéhler metric, we first integral on both sides

of the above equation, to get a necessary condition. We need a smooth function 1,
s.t.:

/M exp{ F(z, 1)} = Vol(M). (4.2)

By 2, we know if we take the right-hand side of 4.1 a fixed smooth function 1,
such a smooth solution ¢ exists. Next, we use an iteration method to solve this
more general equation. We need a priori estimates for ¢ to ensure the solution is
smooth.

4.1 A Priori C" Estimates of the Equation 4.1

We first prove the uniqueness of the solution of the equation 4.1:

Lemma 3. Suppose ¢ and ¢ are two smooth solution of the equation 4.1, and satisfy:

2 -
D> 95+ 5 g;)dzz ® | (4.3)

2y
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and o
- ¥ i 7 4.4
> (95 + o) @ d, (4.4)

i7j

are both the Kdhler metric of the manifold M. Then, p — ¢ is always a constant.

Proof. Since ¢ and ¢ both satisfy the equation 4.1, take quotient of the two equa-
tions of ¢ and @, and come up with the ¢ — @ term, we have:

L P Ple—9) L P\ ]
det (gij + 52195 + 92105 ) det (gij + 82@?) =exp{F(z,p) — F(x,p)}.
(4.5)

Suppose A, is the Laplacian in terms of the metric ), ; <9i3 + (fl) dzi @ dzi.

210Z"

We conveniently denote the above equation as:
_ _ _ -1 _
det (gij + @5+ (0 — 90)1‘3) det (gij + %‘j) =exp{F(z,¢) — F(z,9)}. (4.6)

We take the special coordinate, s.t. the matrix (g;) to become the identity
matrix, and (¢;5), (¢;;) to be diagonal matrices. This can be achieved by using
matrix transformation.

Then, in this coordinate, the above equation can be rewritten into:

[T, (1 + @i + (0 — @)a) _ 11 (1 N @0—_@)%) — exp{Fz, ) — Flz, @)}, (47)

[TZ (1 + @3) P 1+ @5

Use the mean value inequality, we have:

_ m (p=P)iz m _
m+ Aylp — @) _ 2z (1 t s ) > 11 (1 e @)z‘z‘)
m m - ey I+ ¢; (4.8)
1 _
= exp{— [F(z,¢) — F(z,9)]},
which is equivalent to:
_ 1 _
m+Ap(p — @) = mexp{ —[F(z,p) = F(z, )]} (4.9)
Using the equation, we get the following inequality:
m + A — _ -1 1/m
;’;Sp ?) > [det (gz-; + goij) det (gi; + (pij) } (4.10)
By the classic mean value theorem, we know:
#@) oF or  _
Flag) = Flag) = [ Shenir = Soofo)elo) - a)), (1)
¢(x)



where #(x) is a number between inf(¢(z), ¢(x)) and sup(p(x), p(z)).

Since 2 > 0, from 4.11, we know that when ¢(z) — @(z) > 0, we have:

Thus, the right-hand side of 4.9 becomes m exp{--[F(z,¢) — F(x,$)]} > m, which
shows Ay (¢ — @) > 0.

Then, by the maximal principle, we know ¢ — ¢ is a constant: Consider the
following integral on the set £ = {z | ¢(x) — ¢(x) < 0}:

0> /E«o— 5)- Ao — 9) =[E|V(<P— 2) > 0, (4.13)

Thus, we have ¢ — @ is a constant on E. Similarly, exchange the position of ¢, @,
and we will know ¢ — ¢ is also equal to some constant on M\ E. Also, because ¢ — @
is a smooth function, we know that on the whole manifold M, ¢ — ¢ is always a
constant. [

Next, we will use iteration to prove the existence of the solution of 4.1 and its
C° estimates. By the theorem 2, there is a smooth function ¢y, s.t. Zij(gg +

a‘ﬁg; )dz' ® dz’ is a Kédhler metric and satisfies the equation:

det (g5 + 20 = exp(F det(g;; 4.14
et (454 5oy ) = exp{F (e v) detlas). (1.14)

Set @ = @o + sup,y |vo — | and @9 = o — sup,, |¢o — ¥|. They are all add or
subtract a constant of ¢g. Thus, they both satisfy the above equation. Further, by
definition, for any x € M, we have:

po(z) = ¥(x) = @o()- (4.15)

Set A = {(x,t)|lx € M,po(x) >t > @o(x)}. Since M is a compact manifold,
and g, o are smooth functions on the compact manifold, we know they are both
bounded. Thus, A is a compact subset of M x R, and we can define:

OF
k:= sup —(z,t)+1>0. (4.16)
(z,t)eA ot

We will then use the following iteration scheme:

To make a difference in the indices, we use ¢ to denote the iteration indices and
a, B to denote the tensor indices. Set @;, @; are smooth solutions of the following
equation, respectively:

0%p; _ _ _
det (gaﬁ + 6za—§zﬂ> = exp {k@; + F (v, pi-1) — k@i_1} det(%ﬁ%
_ 4.17)
0%p; _ _ _ (
det (gaﬁ + 8,204—;2/3) = exp {k@; + F (z,pi-1) — k@i_1} det(gocﬁ)a
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where > (gag + %) dz® ® dz° and >ap (gaﬁ + azaaz5> dz* ® dz” are both
Kéhler metric.

It’s natural to ask about the existence and uniqueness of the solution if we wish
to use the above iteration scheme. We have the following lemma to ensure we can
make the above assumptions.

Lemma 4.{25'uppose M is a compact Kdihler manifold, and its Kdhler metric is
Ei,j (9:; + %@%)dzi ®dz. And F is an arbitrary smooth function on M. Then, for
any constant k > 0, there is a unique smooth solution to the equation:

2

0
det (gij + azi—gza‘) = exp{kp + F}det(g;;), (4.18)
st D2 5(g5 + %)dzi ® dz’ is again a Kihler metric.

Proof. Following the proof of the theorem 2, we still use the continuity method to
show the existence. Consider a family of equations parametrized by ¢:

2

¢
det (gij + W) = exp{ky + tF} det(g,;). (4.19)

The most crucial step is the C? estimate of ¢, but the condition k¥ > 0 makes this
case much easier:

Suppose the maximal point of ¢ on the manifold M is xy. At this point, the Hes-
sian matrix of ¢ is non-positive definite. Thus, we can choose a special coordinate,
s.t., for any Vi, ¢; < 0. And this leads to

2

det (gij + Ld > det(gij)’l <1. (4.20)

021077

)} <1i

By 4.19, we know the above inequality equals to exp{ky(xo) + tF(xg
F(zy), and thls

ko(xo) + tF(xo) < 0. Shift terms, we have sup,,; ¢ = p(zg9) < —
gives us the estimate of sup,, .

t
k
Similarly, suppose the minimal point of ¢ is x1, we have:

det (g + -2 det(gi) ™' > 1 (4.21)
NI T gz ) NI = '

Thus, we have inf; ¢ > —%F (x1). Therefore, we have the C° estimates of . Then,
following the proof of theorem 2, we have the existence of the solution.

Also, since w =k > 0, we know the equation 4.18 satisfies the condition in

3. Thus, the difference between the two solutions is, at most, a constant Suppose
© — @ = ¢, by equation 4.18, the quotient of two equations gives us e*¢ = 1. Because
kE # 0, we know ¢ = 0. Therefore, the solution of the above equation is also
unique. O
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The above theorem assures the existence and uniqueness of the solution. Next,we
will prove the solutions satisfy the equation 4.17, also satisfy the following inequality,
for any ¢ > 0

0 < @i < @it1 < Pit1 < @i < Q. (4.22)

i
;G_H

We prove this by induction: When ¢ = 0, suppose ¢; safisfies the equation 4.17,
and we use the inequality 4.15 to scale it. Since (, satisfies the equation 4.14, we
have the following inequality:

0% ~ - ~
det (gaa + aza—a;j) = exp {k@p1 — k@o} exp {F (z, Po)} det (g,5)
> exp {k (p1 — o)} exp{F(z, %)} det (g.5) (4.23)
L D*@o
= exp {k’ ((pl — 900)} det (gaﬁ + W) .

At the maximal point of @1 — @g, we have A(p; — @) < 0. Thus, we can rewrite

the above inequality:

%[m + A(@1 — @o)] < 1. (4.24)

By a completely same computation with the left-hand side of 4.10, in the special
coordinate, we know that the above inequality is equivalent to:

O*p1 d*Po
det 7+ ——— | <det s+ ——— . 4.25
¢ (gaﬁ * 92078 ) =908 T 50058 (4.25)
Together with 4.23, we know sup,,(¢1 — @o) < 0

By a similar discussion, write out the equation that ; satisfied, and use the
inequality 4.15, we have sup,,(¢o — ¢1) < 0. This proves the second and the fourth
inequalities in 4.22 hold for ¢ = 0.

We still need to prove the third inequality holds, i.e., 91 < ¢;: In the equation
system 4.17, set ¢ = 1, and take quotient, we have:

o1 ¢\
det <gag + —82%5) det (gag + —620‘625>
= exp {k@1 — k@1 + F (7, ¢0) — F (z,00) — k (Po — $o)} -
(4.26)

By the definition of k£ in 4.16, and ¢y > g, together with the differential mean value
theorem 4.11, we know for any z € M, we have:

F ($, @0) — F (23, (EQ) — l{ (@0 — (50) S 0 (427)
Thus, back to the equation 4.26, we have:
%% g\ _
det <ga,3 + W) det (gaﬁ + W) Z exp {k‘ (901 — 301)} . (428)
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At the maximal point of ¢; — @1, we have A(p; — @1) < 0 which is equivalent to
LIm 4+ A(p1 — @o)] < 1. By the inequality 4.10, we know the left-hand side of the
above inequality is less or equal to 1, together with & > 0, we have @1 > ¢;.

Next, we use the induction. Suppose for any j < 7, we have:
G0 < @j1 <9 <@ < Pim1 < Po. (4.29)

We will prove that the conclusion still holds if we replace the 7 in the above
inequality with . We set ¢; and @;_; as the solutions in 4.17, and take quotient:

2*¢; *@i1 -
det 5+ ——— | det _—
¢ <gaﬂ * azaazﬂ> ¢ ( 9o T azaazﬁ) (4.30)
=exp{kpi — k@i + F (2, 0i-1) — F (2, Pi—2) — k (@im1 — @i—2)} .
By the induction hypothesis, we have pg > @; 2 > @;_1 > @, together with the

fact that F' is non-decreasing w.r.t. the second variable. Use a similar argument in
4.28 to get:

P @iy - _ _

det (gag + 520077 > det (gaﬁ + 920958 > exp{kp; — kgi_1}. (4.31)

Thus, we know @, 1 > ¢;. By a similar argument, we will also have @, 1 < @;.
Now, we still need to prove the third inequality @; > ¢; in 4.22.

Set ¢;, ¢; as solutions in 4.17, and take quotient:

0”@ D*P;
det 5+ ———— | det 5+ ———
e (gaﬁ + 82’0‘826) € (gab’ + 8zaazﬁ> (432)
= exp{k@i — k@i + F (z,0i-1) — F (x,0i-1) — k@it + kpi1}.
Since we have ¢; > ¢;_1, use the induction hypothesis repeatedly, we have @; > ;.

Therefore, for any positive integer i, the inequality 4.22 holds, and ¢;, p; are
uniformly bounded. This gives the C° estimates for the solution of 4.17.

By the structure of the equation, together with the squeeze rule, we can see if we
let 7 go to infinity, the solution will converge to a unique limit function . Thus, the
equation will converge to 4.1. In this way, we have the C° estimates of the wanted
more general complex Monge-Ampere equation.

4.2 A Priori C? Estimates of the Equation 4.1

Next, we will compute the C? estimates of the solution @; of the equation 4.17. The
C? estimates of @; is similar. We want to show the uniform estimates of Zj 55 We
only need to show the estimate of sup,; Ag; by the equation and the mean value
inequality.
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Similar to the C? estimates in the Chapter 1. The main difference now is the
right-hand side term is more complicated than exp{F'}, but the computation is quite
similar. And now we have the C estimates of the solution.

Let A; be the Laplacian of the metric Zaﬁ (gaﬁ + azaazﬂ) dz* ® dz°. Suppose

C is a positive constant, s.t. C + inf,4(Rz7) > 1. To show the second order
estimates, we still consider the function A;[exp{—C@;} (m + Ag;)]. With a similar
computation in 2.34:

BaF (37, @i*l)

Ailexp {—C@;} (m + Ag;)] = exp {—C;} 520077

k(Ap — Agi1) + ) g
o,pB

aF 1 az aF _’L a_i*
+Za5 (z,Pi-1) 901+Za5 , Pi—1) 0Pi_1

OtOz 0zP 8t8zﬁ 0z“
32 500i-1 a@'ﬂ
afB 4 )
atz (33 sz 1);69 aza 825

oF
‘*’E (@, Pi1) Api—y — m? H;g Rﬁu‘] — Cexp{—Cpi} m(m+ Ap;)

a 1 + (@i)ad

(4.33)
The terms in the square brackets come from computing the Laplacian w.r.t. the
initial metric Y- 5 gq5d2" ® dz° of the composite function F(x, ().

+ (C + inf (Rm)) exp {—=C;} (m+ Ag) <Z 1

We have already estimated sup,, |@;|, and we know the L'(M) estimates of ¢;
only rely on the maximum of the function ¢; and the Green function of the compact
manifold M. Thus, follow the inequality 2.52 in the Chapter 1, we have the L'(M)
estimates for ¢;. Then, by the Schauder estimates, there is a constant C; that is
independent of 7, s.t.:

sup |Ve;| < Cy (sup |Ag;| + 1) . (4.34)
M M

Similar to 2.39, we know there is a constant Cy that is independent of 7, s.t.:

;ﬁ > (m+ Ag)"/ Y (eXp{m_—_kl(@ Pi- 1)+;1F( ,@H)})

> Cy (m+ Agy) /Y.
(4.35)
The second line of the above inequality is because we have the C° estimates for ;.
Thus, F' only takes the value on a compact set, and we know F' is bounded.

With the above computation, substitute the above inequality, 4.34, and the C°
estimates into 4.33. We mainly focus on the second-order terms since other lower
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terms are already estimated. In particular, consider the third line of 4.33, we have:
Vol 2 -1Vl 2 —supl Vel = ~Ci (suplAg +1) . (430
M M

Therefore, we know there are positive constants Cs, Cy, C5, Cg that not depend on
1, s.t.

A lexp {=C@;} (m+ Ap)] > — Cs (m + sup A%‘) - Cy (m + sup A%—1)
M M

1+1/(m—1)
+ Cf (m + sup Agpi> — Cs.
M
(4.37)

At the maximal point of exp {—C®;} (m + Agp;), the left-hand side of the above
inequality is less or equal to 0. Thus, we have:

141/(m—1)
Cs (m + sup A(ﬁi) < (4 (m + sup A@) + Cy (m + sup A@il) + Cs.
M M M

(4.38)
We know that for any = > 0, we can always find large a,b > 0, s.t.:

g > g — b, (4.39)

Thus, we can always find positive constants C7, Cy, s.t. for any z > 0, we have:

14+1/(m—1)
(m + sup A@i) > Cr (m + sup A@i) — Cs. (4.40)
M M
Substitute the inequality 4.40 into 4.38:

0507 (m + sup A@Z) — 0508 S Cg (m + sup A@z) + 04 (m + sup A@i—l) + CG‘
M M M

(4.41)
Shift terms, and get:

(0507 — 03) <m + sup A@z) S 04 <m + sup A@zl) + CG + 0508- (442)
M M

We can take C7 large enough, s.t. we can divide C5C; — C3 on both sides of the
above inequality. As a result, the coefficient of the first term on the right-hand side
is smaller than % Thus, there is a positive constant C' that is independent of 7, s.t.:

1 ~
(m + sup A@i) < = (m + sup A@i1> +C. (4.43)
M 2 M

With the above inequality, we can iterate it repeatedly to get the upper bound
estimates of Ag;:

1\’ .
m +sup Ag; < (—) <m + sup A@O) +2C. (4.44)
M 2 M

According to the theorem 2, we know the right-hand side above is bounded. And
by the complex Monge-Ampere equation, we get uniform second-order estimates of

Pi-
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4.3 A Priori C° Estimates of the Equation 4.1

Next, we give the C? estimates, i.e. the uniform estimates for E)ZQ%% Similar to
the Chapter 1, define:
Zg/al /ﬁp {7‘1 82(751 82951 (4 45)
Ji 920978021 97020050 '

where the matrix (¢/°!) is the inverse matrix of (ga; + %). By a similar compu-

tation to 2.128, we have:

A; (Si + CoAp;) > C1pS; — 011\/3'\/ Si—1 — Cha, (4.46)

where Cy, Cg, C11, C12 are all positive constants that is independent on .

We have the various estimates for |Ag;|, now by the maximal principle:

supS < g— SupS \/sup Sic1+ = C1z + Cy sup |AG;] . (4.47)

10 C’1

Since we can adjust Cy, Cia, s.t. Chg to be large in 4.46, w.l.o.g. we suppose
Gu < 1 By the above inequality:

Cig — 2
1 4C'
supS; < —sup S;_1 + 2140, sup |Ag;] . (4.48)
M 3 M 010 M
Continuing to iterate the above inequality, we have the uniform estimates for S;.
Thus, we have the uniform estimates for 82;?92;8%.

With these estimates for @¢;, let i go to infinity, we get a solution ¢ to the equation
4.1, and the Schauder theory assures ¢ to be smooth.

Therefore, we have the following theorem:

Theorem 4. Set M to be a Kdihler manifold with Kdhler metric Z” gi;dz" @ dz .

Suppose F' is a smooth function defined on M x R, and satzsﬁes > 0. Suppose
we know in advance there is a real-valued smooth function deﬁned on M, s.t.

fM exp{F(z,1(x))} = Vol(M).

Then, there is a real-valued smooth function @ on M satisfies the equation:

2

%
det (gij + W) = exp{F(x, ¢} det(g;;), (4.49)

and Z” (gw + 8z1827> dz'®dz is still a Kihler metric. Furthermore, if two smooth

functions both satisfy the above conditions, they must differ by a constant, at most.
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4.4 The Existence and Uniqueness of the Kihler-
Einstein Metric When ¢ (M) <0

Next, we want to show that, with some conditions, there is a uniqueness Kahler-
Einstein metric on a compact Kahler manifold.

Definition 2. The Kihler metric w of a Kihler manifold (M,w,J) is called a
Kdhler-Finstein metric if there is a constant X\, s.t.:

Ric(w) = \w. (4.50)

Because the Ricci form Ric(w) := v/—1R;;dz" A dz7 = —/—190log det(g;;) is
rescale invariant, we can always suppose A to be —1,0, 1.

Since %J—_lRi;dzi A dZ’ is a representative element of the first Chern class,
when there is a sign for the first Chern class, we should try to find the A with the
same sign. For example, when the first Chern class is negative definite ¢;(M) < 0,
i.e., there is a representative element whose coefficient matrix is negative definite,
we should try to find the Kéhler-Einstein metric w, s.t. Ric(w) = —w.

In particular, we call the Kahler manifold with negative first Chern class a Gen-
eral Type. When the first Chern class equals 0, and if the metric is Kéahler-Einstein,
we have Ric(w) = 0, i.e., the Ricci curvature tensor is everywhere equals to 0, we call
this manifold with such a metric as Ricci-flat manifold, also known as the Calabi-
Yau manifold. We call the Kéhler manifold with positive first Chern class the Fano
manifold.

When ¢ (M) = 0, we want to find the metric s.t. its Ricci curvature always
equals 0. We immediately know the existence and uniqueness by the theorem 3.
Next, we consider the case that ¢;(M) < 0:

We need to use the theorem we just proved 4.

We know that —‘/2—:185 log det(g;;) is a representative element of the first Chern
class ¢1(M) of the Kéhler manifold (M,w). Since ¢;(M) < 0, i.e., —¢;(M) > 0, we
know there is a positive definite (1, 1)-form that represents the negative first Chern
class, denoted as % > gi_jdzi/\déj . That’s to say —\/2—? i 9i7dz' AdZ represents
c1(M). According to the 00-lemma, there is a smooth real-valued function f, s.t.:

v=1_5 V-1 , . V=1 _
———00logdet(g;;) + =—— ) g;dz' NdZF = ———00f. (4.51)
2 2T r 2

This equality is equivalent to

—001og det(g;7) = — Z gﬁdzi AdZ — 00f. (4.52)
1,
In the theorem 4, we consider a special form of the equation, take F'(x,p) = ¢ — f:
2

ai%) = exp{p — f}det(g;3). (4.53)

det ( 9ij +
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Take —00log on both sides of the equation:

2

_ I N _ _ ]
—00 log det (gij + W) = —00¢ + 00f — 00logdet(g;5). (4.54)

By the theorem 4, we know there is a smooth solution ¢, s.t. Z” (923 + azlazj ) dz'®

dz’ is still a Kédhler metric. Combine the above two equality 4.52 and 4.54, we have:

2

—001og det (gij + Ld > = —00p + 00f — Zgﬁdzi AdZ — 00f

Oy
02107
. (4.55)

:_Z( Z@J)dzi/\dij.

i.e.

. = 82 82g0
Ric,, = —v—100log det (gij + 9205 ) -V = Z < 05 ) dz'NdZ = —w,.
(4.56)

Therefore, we find the wanted Kéhler-Einstein metric.
Next, we prove the uniqueness:

Suppose ), ; g;5d2" ® dZ’ is a Kahler-Einstein metric and )7, . g;;dz" ® dz/ is
another Kéhler-Einstein metric. Since Ric,, = —wjy and the left-hand side is a
representative element of the first Chern class, we know wy also represents the first
Chern class. Thus, we can find a smooth function v, s.t. g; = g;; + 82182J On the
other hand, by the definition of Kéhler-Einstein metric, we have:

92

] o2 o

—00log det (gzj 505 ) = Zgﬁdz Adz — 0o
Z7]

= —00log det(g;;) + 00 f — DO.

Shift terms, we have:

2

00log [det (gij + v ) det(gi;)_1 exp{—1 + f}] = 0. (4.58)

0210Z7
i.e.

2

log [det (gij + afigjzj) det(g;;) " exp{—¢ + f}] (4.59)

is a pluriharmonic function, and by integrating by parts, we know that such functions
on a closed manifold must be equal to constants. Thus, the above term equals some
constant ¢, and we have:

2

det (gij + %) = exp{¢ + ¢ — f}det(g;;). (4.60)
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By the lemma 3, we know ¢ — 1) is a constant. Thus, we have:

Z~.,dzi®d§j — Z g.._|_82—¢ dzi®d2j — Z gii + 62—('0 dzi®d2j
% —\MT 90z —\ M B0z |

(4.61)
This shows the uniqueness of the Kéahler-Einstein metric.

To sum up, we have the following theorem:

Theorem 5. Let (M,w,J) be a compact Kihler manifold with ¢y(M) < 0. Then,
there is a unique Kdhler-Einstein metric.
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Chapter 5

Further Development

The proof of the Calabi conjecture profoundly impacts geometry, algebra, and even
theoretical physics. It also created the frame to solve geometric problems with
analytic tools and also, in turn, facilitated the study of equations.

After solving the existence and uniqueness of the Ké&hler-Einstein metric on
the compact Kéahler manifold with positive definite first Chern class, many new
problems, concepts, and methods are prompted and studied. For example, the
existence of the Kahler-Einstein metric on the Fano manifold closely relates to the
concept of K-stability, which is widely studied in algebraic geometry. Also, Calabi-
Yau manifolds are important in mathematical physics. Furthermore, people also do
related research on the complete but non-compact manifolds.
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