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Abstract

Eugenio Calabi claimed the following theorem at the International Congress of
Mathematicians in 1954:

For any closed Kähler manifold (Mn, ω), for any Σ ∈ 2πc1(M), there is only one
Kähler metric Ω ∈ [ω], such that Ric(Ω) = Σ.

This theorem can be reduced to solving the following complex Monge-Ampère
equation w.r.t. some real-valued function φ:

(ω +
√
−1∂∂̄φ)n = eFωn,

where F ∈ C∞(M ;R).
Shing-Tung Yau proved this theorem in the remarkable paper On the Ricci cur-

vature of a compact Kähler manifold and the complex Monge-Ampère equation. I..
As a corollary, for any compact Kähler manifold, with c1(M) ≤ 0, there is only one
Kähler-Einstein metric.

This thesis will summarize Yau’s original paper and try to provide details.

Keywords: Calabi Conjecture; Complex Monge-Ampère Equation; Kähler-Einstein
Metric
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Chapter 1

Preliminaries

Let Mn be a compact smooth manifold of real dimension n, and the Riemannian
metric g be a smooth section defined on T ∗M ⊗ T ∗M , and for any point x ∈ M ,
g is a positive definite quadratic form on TxM . We know such a metric must
exist. In the local coordinate (x1, x2, . . . , xn), the basis of TM is represented by
{ ∂
∂x1
, ∂
∂x2
, . . . , ∂

∂xn
}, then g =

∑
i,j gijdx

i ⊗ dxj, where gij is smooth function with
respect to x:

gij = g

(
∂

∂xi
,
∂

∂xj

)
. (1.1)

We call (Mn, g) a Riemannian manifold.
Suppose there is a family of coordinate charts on the Riemannian manifold

(M2m, g), and the transition maps of these charts are biholomorphic. In that case, we
can induce an automorphic map J on the tangent bundle TM of M , s.t. J2 = −id,
which is known as the complex structure on M .

If we have the complex structure, we will call the J-invariant metric a Hermitian
metric, s.t. g(u, v) = g(Ju, Jv), ∀u, v ∈ TM . Such metric must exist since the
trivial metric on Cn is J-invariant. Take ωg(u, v) = g(Ju, v), u, v ∈ TM , then ωg is
a real (1, 1)-form, known as the fundamental form of complex manifold (M, g, J).

We can then C-linearly extend this Riemannian metric g on TCM := TM ⊗R C,
whoes complex dimension equals to 2m, and divide TCM into the direct sum of
T (1,0)M and T (0,1)M , according to the eigen-subspace of the eigenvalues ±i of J .
The complex dimension of T (1,0)M and T (0,1)M are both m.

In fact, take a complex coordinate (z1, z2, . . . , zm), where zi = xi+
√
−1xm+i, we

have:
J
∂

∂xi
=

∂

∂xm+i
, J

∂

∂xm+i
= − ∂

∂xi
, (1.2)

and

dzi = dxi +
√
−1dxm+i, dz̄i = dxi −

√
−1dxm+i. (1.3)

1



Since for any smooth function f , the basic computational law should hold: df =
∂f
∂xi
dxi = ∂f

∂zi
dzi + ∂f

∂z̄i
dz̄i, thus for i = 1, 2, . . . ,m�we have:

∂

∂zi
=

1

2

(
∂

∂xi
−

√
−1

∂

∂xm+i

)
,

∂

∂z̄i
=

1

2

(
∂

∂xi
+
√
−1

∂

∂xm+i

)
. (1.4)

Furthermore:

J

(
∂

∂zj

)
=

√
−1

∂

∂zj
, J

(
∂

∂z̄j

)
= −

√
−1

∂

∂z̄j
. (1.5)

In this way, a basis of T (1,0)M is { ∂
∂z1
, ∂
∂z2
, . . . , ∂

∂zm
}�a basis of T (0,1)M is { ∂

∂z̄1
, ∂
∂z̄2
, . . . , ∂

∂z̄m
}.

Thus, by definition, for a Hermitian metric g, and for any i, j, we have:

g

(
∂

∂zi
,
∂

∂zj

)
= g

(
∂

∂z̄i
,
∂

∂z̄j

)
= 0. (1.6)

Set gij̄ := g
(
∂
∂zi
, ∂
∂z̄j

)
, we can now write down the C-linearly extended J-invariant

metric in local coordinate:

g =
∑
i,j

(
gij̄dz

i ⊗ dz̄j + ḡij̄dz̄
i ⊗ dzj

)
. (1.7)

Note that the second part of the above equation can be obtained by taking the
conjugate transpose of the first part. This explains why we call the J-invariant
metric also the Hermitian metric. And we usually take the first part, i.e., g =∑

i,j gij̄dz
i ⊗ dz̄j as the metric of a complex manifold M .

Definition 1. We call a triple (Mm, gC, J) satisfies the above conditions a com-
plex manifold, with complex dimension m. Furthermore, if only consider the Rie-
mannian manifold (M, g) and its Levi-Civita connection ∇ satisfies ∇J = 0, we
call (Mm, g, J) a Kähler manifold,

∑
i,j gij̄dz

i ⊗ dz̄j the Kähler metric, and ωg =√
−1
∑

i,j gij̄dz
i ∧ dz̄j the Kähler form.

Remark 1. We will only use g to represent the Kähler metric instead of gC. Since
they are equivalent, we always mix and use the names of the Kähler metric and
Kähler form.

Actually, we have the following equivalent conditions to see if a complex manifold
is Kähler[Huy05]:

Lemma 1. For a complex manifold (M, g, J), the followings are equivalent�

(i) (M, g, J) is Kähler;

(ii) ∇J = 0;
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(iii) dωg = 0;

(iv) For any i, j, k, we have:

∂gij̄
∂zk

=
∂gkj̄
∂zi

and
∂gij̄
∂z̄k

=
∂gik̄
∂z̄j

. (1.8)

(v) For any point p ∈ M , there is a local holomorphic normal coordinate, i.e.,
exists a local holomorphic coordinate (z1, . . . , zm), s.t. for all i, j, we have:

zi(p) = 0, gij̄ = δij, dgij̄ = 0. (1.9)

Next, we compute the curvature on a Kähler manifold in local coordinates. The
reference is [Tia00]:

We take a local coordinate (z1, . . . , zn) of M , and the basis of the tangent space
TCM is

(
∂
∂z1
, · · · , ∂

∂zn

)
. First, we compute the Christoffel symbol Γkij:

∇ ∂

∂zi

∂

∂zj
:= Γkij

∂

∂zk
+ Γk̄ij

∂

∂z̄k
, (1.10)

and
∇ ∂

∂zi

∂

∂z̄j
:= Γkij̄

∂

∂zk
+ Γk̄ij̄

∂

∂z̄k
. (1.11)

Due to the Kähler condition ∇J = 0, and the complex structure satisfies J ∂
∂zi

=√
−1 ∂

∂zi
, J ∂

∂z̄i
= −

√
−1 ∂

∂z̄i
, we have�

∇ ∂

∂zi

(
J
∂

∂zj

)
= J∇ ∂

∂zi

∂

∂zj
+
(
∇ ∂

∂zi
J
) ∂

∂zj
. (1.12)

The second term on the right-hand side is equal to 0. According to the definition of
the Christoffel symbol, we immediately have:

√
−1

(
Γkij

∂

∂zk
+ Γk̄ij

∂

∂z̄k

)
= J

(
Γkij

∂

∂zk
+ Γk̄ij

∂

∂z̄k

)
=

√
−1

(
Γkij

∂

∂zk
− Γk̄ij

∂

∂z̄k

)
.

(1.13)
Rewrite the above equation, we get Γk̄ij = 0. Similarly, we can compute ∇ ∂

∂zi

(
J ∂
∂z̄j

)
,

and get Γk̄ij̄ = Γkij̄ = 0, thus the left non-zero Christoffel symbols are Γkij and its con-
jugate Γk̄īj = Γkij. Now, let’s compute Γkij�

∂gjk̄
∂zi

=
∂

∂zi
g

(
∂

∂zj
,
∂

∂z̄k

)
= g

(
∇ ∂

∂zi

∂

∂zj
,
∂

∂z̄k

)
= g

(
Γlij

∂

∂zl
,
∂

∂z̄k

)
= Γlijglk̄.

(1.14)
If we set (glk̄) to be the transpose of inverse matrix of (glk̄), then:

Γlij = glk̄
∂gjk̄
∂zi

= glk̄
∂gik̄
∂zj

. (1.15)
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Next, we want to C-linearly extend the real curvature tensor� For any u, v, w ∈
TCM , define the curvature R(u, v)w := ∇u∇vw −∇v∇uw −∇[u,v]w, where [u, v] is
the Lie bracket of vectors u, v, and equals to 0 in local coordinate. Furthermore, in
local coordinate, we set:

Rij̄kl̄ :=
〈
R
(
∂i, ∂j̄

)
∂k, ∂l̄

〉
. (1.16)

Actually, we can compute Rij̄kl̄ explicitly:

Rij̄kl̄ =
〈(
∇i∇j̄ −∇j̄∇i

)
∂k, ∂l̄

〉
= −

〈
∇j̄ (Γ

p
ik∂p) , ∂l̄

〉
= −∂j̄Γpikgpl̄ = −∂j̄

(
gq̄p

∂gkq̄
∂zi

)
gpl̄

= −gq̄p ∂
2gkq̄

∂zi∂z̄j
gpl̄ + gq̄sgt̄p

∂gsl̄
∂z̄j

∂gkq̄
∂zi

gpl̄

= − ∂2gkl̄
∂zi∂z̄j

+ gq̄s
∂gsl̄
∂z̄j

∂gkq̄
∂zi

.

(1.17)

From the above computation and the equivalent condition of the Kähler manifold, we
have Rij̄kl̄ = Ril̄kj̄ = Rkj̄il̄, i.e., the complex curvature operator has more symmetry
properties compares to the real one.

By definition, we find:

R(Ju, Jv, w, x) = R(w, x, Ju, Jv) = g(R(w, x)Ju, Jv) = g(R(w, x)u, v) = R(u, v, w, x).
(1.18)

Thus, we can define the Ricci curvature tensor:

Rc := Rij̄dz
i ⊗ dz̄j = gkl̄Rij̄kl̄dz

i ⊗ dz̄j. (1.19)

And from 1.18, we know the Ricci tensor is J-invariant. Similarly to the defini-
tion of fundamental form, we have:

Ric(ωg) := Rc(J ·, ·) =
√
−1Rij̄dz

i ∧ dz̄j. (1.20)

Thus, we find Ric(ωg) to be a real closed (1, 1)-form, known as the Ricci form of the
complex manifold (M, g, J). We have:

Rij̄ = Rc
(
∂i, ∂j̄

)
= g l̄kRij̄kl̄ = − ∂2

∂zi∂z̄j
log det (gpq̄) . (1.21)

Therefore, we also have Ric(ωg) = −
√
−1∂∂̄ log det(gij̄).

Then, we write down a useful lemma. The proofs of the following lemma and
proposition can be found in [Tia00], Chapter 2:

Lemma 2 (∂∂̄-Lemma). Suppose (M, g, J) is a compact Kähler manifold. If α ∈
H

(1,1)

∂̄
(M,C) is d-exact, then there is smooth function β, s.t. α = ∂∂̄β. Furthermore,

if α is a real form, we can always choose β ∈ C∞(M ;R), s.t. α =
√
−1∂∂̄β.
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The following proposition of Chern class is important:
Proposition 1. Given a Kähler manifold (M, g, J), whoes Kähler form is ωg, we
can define an (1, 1)-form�

Ω := gjp̄Rip̄kl̄dz
k ∧ dz̄l, (1.22)

and set:
det

(
I +

t
√
−1

2π
Ω

)
= 1 + tϕ1(g) + t2ϕ2(g) + · · · (1.23)

Then we have:

(i) dϕi(g) = 0, thus [ϕi] ∈ H i,i

∂̄
(M,C) ∩H2i(M,R);

(ii) [ϕi(g)] is independent of the choice of the metric g. It only depends on the
complex structure J of the manifold;

(iii) The ith Chern class of the manifold is represented by ci(M) := [ϕi(g)].

In particular, we can now compute the representative element of the first Chern
class of a complex manifold:

ϕ1(g) =

√
−1

2π
Ωi
i =

√
−1

2π
Rkl̄dz

k ∧ dz̄l = −
√
−1

2π
∂∂̄ log det(gij̄). (1.24)

Eugenio Calabi claimed in 1954[Cal54] that given an arbitrary element in the
first Chern class of a complex manifold, we can always find a Kähler metric, s.t. its
Ricci form is exactly the given element. Calabi proved the uniqueness by himself,
i.e., in every Kähler class (the cohomology class of Kähler metric), at most, one
Kähler metric satisfies the condition.

In 1978, Shing-Tung Yau confirmed this statement and proved that there is
exactly one solution in the Kähler class of the initial Kähler metric[Yau78]. Fur-
thermore, he proved the existence of the Kähler-Einstein metric on the compact
Kähler manifold, whose first Chern class is non-positive. Specifically, there is al-
ways a Ricci-flat metric on the compact Kähler manifold whose first Chern class
vanishes. This is known to be the Calabi-Yau manifold.

We write the above statement mathematically:
For a compact Kähler manifold (Mm, ω), if we can fine a Kähler metric

√
−1
∑

i,j g̃ij̄dz
i∧

dz̄j which is cohomologous to the initial Kähler metric
√
−1
∑

i,j gij̄dz
i ∧ dz̄j, and

the cohomologous class of its Ricci form

Ric(ωg̃) = −
√
−1∂∂̄ log det(g̃ij̄)

in H1,1

∂̄
(M,C) ∩H2(M,R) is 2πc1(M).

We know that 2πc1(M) can be represented by −
√
−1∂∂̄ log det(gij̄), and since

the difference of these two elements is ∂̄-closed and d-exact, by the ∂∂̄-Lemma, we
know there is smooth real-valued function F ∈ C∞(M ;R), s.t.:

−
√
−1∂∂̄ log det(g̃ij̄) = −

√
−1∂∂̄ log det(gij̄) +

√
−1∂∂̄F. (1.25)
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i.e.:
∂∂̄ log

det(g̃ij̄)

det(gij̄)
= ∂∂̄F. (1.26)

Since the manifold M is compact, and det(g̃ij̄)/ det(gij̄) is globally defined (it’s
a ratio, and if we change the local coordinate, the extra terms will be canceled), by
the maximal principle, we know that log

det(g̃ij̄)

det(gij̄)
− F is a constant. Thus, there is a

positive constant C, s.t.:

det(g̃ij̄) = C exp{F} det(gst̄). (1.27)

Again, the above two metrics are supposed in the same Kähler class, by ∂∂̄-Lemma,
there is a real-valued smooth function φ ∈ C∞(M ;R), satisfies:

√
−1
∑
i,j

g̃ij̄dz
i ∧ dz̄j =

√
−1
∑
i,j

gij̄dz
i ∧ dz̄j +

√
−1∂∂̄φ. (1.28)

i.e.:
g̃ij̄ = gij̄ +

∂2φ

∂zi∂z̄j
. (1.29)

Therefore, the question Calabi asked can be deduced into solving the following
complex Monge-Ampère equation of the real-valued function φ:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= C exp{F} det (gij̄). (1.30)
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Chapter 2

A Priori Estimates of the Complex
Monge-Ampère Equation

Suppose M is a compact Kähler manifold, we will study the following complex
Monge-Ampère equation of the real-valued function φ:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= exp{F} det (gij̄), (2.1)

where we assume F ∈ C3(M ;R), φ ∈ C5(M ;R).
According to the assumption of the conjecture, the left-hand side of the above

equation is the determinant of the new Kähler metric, thus we need to assume φ
should satisfy that:

g′ :=
∑
i,j

(gij̄ +
∂2φ

∂zi∂z̄j
)dzi ⊗ dz̄j (2.2)

is a positive definite Hermitian metric, and in the same Kähler class as the initial
metric g =

∑
i,j gij̄dz

i ⊗ dz̄j.
Our goal is to show the existence of the demanding smooth solution to the

equation 2.1. For the complex Monge-Ampère equation, if we differentiate both
sides i.e. linearize, we will get a uniformly elliptic equation. Thus, we can use the
classic methods in solving the elliptic equations. First of all, we need to get the a
priori estimates of φ and show the existence of a smooth solution by the continuity
method.

2.1 A Priori C2 Estimates

We can see from 2.1 that if we add a constant to a solution φ, it still will be a
solution. Thus, we can assume φ satisfies:∫

M

φ = 0, (2.3)
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To achieve this, we only need to substitute the previous φ with φ− 1
vol(M)

∫
M
φ.

Take natural logarithm on both sides of 2.1, and differentiate w.r.t. ∂
∂zk

. Using
the following formula to differentiate a determinant:

∂

∂zk
det (gij̄) = det (gij̄)g

pq̄ ∂gpq̄
∂zk

, (2.4)

We have:
∂

∂zk

(
log det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
− log det (gij̄)

)
= g′ij̄

(
∂gij̄
∂zk

+
∂3φ

∂zi∂z̄j∂zk

)
− g′ij̄

∂gij̄
∂zk

=
∂F

∂zk
.

(2.5)
where gij̄ represents the (i, j)-th element in the transpose of the inverse matrix of
(gij̄).

Again, differentiate both sides of the above equation w.r.t. ∂
∂z̄l

. Using the fol-
lowing elementary formula to differentiate the inverse element of a matrix:

∂gij̄

∂zk
= −giq̄ ∂gpq̄

∂zk
gpj̄, (2.6)

we have:

−
∑
i,j,t,n

g′tj̄g′in̄
(
∂gtn̄
∂z̄l

+
∂3φ

∂zt∂z̄n∂z̄l

)(
∂gij̄
∂zk

+
∂3φ

∂zi∂z̄j∂zk

)
+
∑
i,j

g′ij̄
(
∂2gij̄
∂zk∂z̄l

+
∂4φ

∂zi∂z̄j∂zk∂z̄l

)
+
∑
i,j,k,n

gtj̄gin̄
∂gtn̄
∂z̄l

∂gij̄
∂zk

−
∑
i,j

gij̄
∂2gij̄
∂zk∂z̄l

=
∂2F

∂zk∂z̄l
.

(2.7)

Let ∆ be the Laplacian associated with the metric
∑

i,j gij̄dz
i ⊗ dz̄j. Since the

Kähler metric comes from C-linearly extending of the real J-invariant metric. In
this case, the metric can be written in a two-conjugate-block diagonal matrix. Thus,
the determinant of the Kähler metric

∑
i,j gij̄dz

i ⊗ dz̄j equals the arithmetic square
root of the real Riemannian metric tensor.

Recall the Laplace-Beltrami formula:

∆ =
1√

det(gij)

∂

∂xi

(√
det(gij)g

ij ∂

∂xj

)
. (2.8)

Apply the above formula to the Kähler manifold, we have:

∆ =
1

det(gij̄)

∂

∂zi

(
det(gij̄)g

ij̄ ∂

∂z̄j

)
= gij̄

∂2

∂zi∂z̄j
. (2.9)
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We always denote ∆ as the Laplacian associated with the Kähler metric
∑

i,j gij̄dz
i⊗

dz̄j, and ∆′ as the Laplacian associated with
∑

i,j

(
gij̄ +

∂2φ
∂zi∂z̄j

)
dzi⊗ dz̄j. Thus, by

using the differentiation formula for the inverse element of the matrix:

∆′(∆φ) =
∑
k,l

g′kl̄
∂2

∂zk∂z̄l

(
gij̄

∂2φ

∂zi∂z̄j

)

=
∑
i,j,k,l

g′kl̄gij̄
∂4φ

∂zi∂z̄j∂zk∂z̄l
+
∑
i,j,k,l

g′kl̄
∂2gij̄

∂zk∂z̄l
∂2φ

∂zi∂z̄j

+
∑
i,j,k,l

g′kl̄
∂gij̄

∂zk
∂3φ

∂zi∂z̄j∂z̄l
+
∑
i,j,k,l

g′kl̄
∂gij̄
∂z̄l

∂3φ

∂zi∂z̄j∂zk
.

(2.10)

Note that the left-hand side of the above equation is independent of the choice
of local coordinates. We can conveniently use the normal coordinate to compute
the right-hand side, and the Kähler condition also ensures we can take the normal
coordinate. Thus, at a certain point, we have: gij̄ = δij,

∂gij̄
∂zk

=
∂gij̄
∂z̄l

= 0. Then, we
can see the third and fourth terms of the right-hand side equal to 0. Furthermore,
we can get the fourth order term of φ from 2.7, and substitute it into the above
equation:

∆′(∆φ) = ∆F +
∑
i,j,k,n,l

g′kj̄g′in̄φkn̄l̄φij̄l +
∑
i,j,l

g′ij̄Rij̄ll̄ −
∑
i,l

Rīill̄ +
∑
i,j,k,l

g′kl̄Rij̄kl̄φjī.

(2.11)
For the same reason, we can choose another special coordinate, s.t.:

gij̄ = δij, φij̄ = δijφīi. (2.12)

This coordinate always exists because we can first choose the coordinate, diago-
nalizing the metric matrix (gij̄), then use the unitary matrix Q, in the sense of
A→ QAQ̄T , to diagonalize the matrix A = (φij̄).

Therefore,

g′ij̄ =
δij

1 + φīi
, (2.13)
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In this special coordinate, we can now simplify the last three terms in 2.11:∑
i,j,l

g′ij̄Rij̄ll̄ −
∑
i,l

Rīill̄ +
∑
i,j,k,l

g′kl̄Rij̄kl̄φij̄

= −
∑
i,l

Rīill̄

φīi
1 + φīi

+
∑
i,l

Rīill̄

φīi
1 + φll̄

= −
∑
i,l

Rīill̄

φīi (φll̄ − φīi)

(1 + φīi) (1 + φll̄)

=
1

2

{
−
∑
i,l

Rīill̄

φīi (φll̄ − φīi)

(1 + φīi) (1 + φll̄)
−
∑
i,l

Rīill̄

φll̄ (φīi − φll̄)

(1 + φīi) (1 + φll̄)

}

=
1

2

∑
i,l

Rīill̄

(φll̄ − φīi)
2

(1 + φīi) (1 + φll̄)
.

(2.14)

Note that the third equality changed the position of i, j and added together.
Thus there is an 1

2
coefficient. Doing so is to obtain the square term in the last

equality. Also, when i = l, the term multiplies by Rīill̄ equals to 0.
We continue to simplify the above equation:

1

2

∑
i,l

(φll̄ − φīi)
2

(1 + φīi) (1 + φll̄)
=

1

2

∑
i,l

[(1 + φll̄)− (1 + φīi)]
2

(1 + φīi) (1 + φll̄)

=
1

2

∑
i,l

(
1 + φīi
1 + φll̄

+
1 + φll̄
1 + φīi

− 2

)
=
∑
i,j

1 + φīi
1 + φll̄

−m2.

(2.15)

Since the sum takes over arbitrary i, j, it adds m2 times in total. We can see the
last equality holds.

Then, substitute 2.14 and 2.15 into 2.11, we get the inequality that is useful
later:

∆′(∆φ) ≥ ∆F +
∑
l

g′kj̄g′in̄φkn̄l̄φij̄l +

(
inf
i ̸=l
Rīill̄

)[∑
i,l

1 + φīi
1 + φll̄

−m2

]
. (2.16)

The above inequality sheds some light on how to get the second order a priori
estimates of φ. We can start by considering the normalized Laplacian ∆′ of some
function w.r.t. ∆φ. At the maximal point, the normalized Laplacian is non-positive,
and we hope to get the C2 estimates.

Next, we have the following straightforward computation in the special coordi-
nate:

∆′φ = g′ij̄
∂2φ

∂zi∂z̄j
=

δij
1 + φīi

∂2φ

∂zi∂z̄j
=
∑
i

φīi
1 + φīi

= m−
∑
i

1

1 + φīi
. (2.17)
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In Yau’s paper[Yau78], he considered the function exp{−Cφ}(m + ∆φ), where
C is a positive constant.

During the process of computing ∆′(exp{−Cφ}(m+∆φ)), the third and fourth
order terms of φ will occur. By 2.16, the lower bound of the fourth-order terms can
be controlled by the third-order terms, and we will see in the computation that the
extra third-order terms in this step can be eliminated with the original third-order
terms. End up having the upper bound of C2 estimates. These estimates will rely
on the C0 estimates of φ. Therefore, if we can also prove the C0 estimates, together
with the equation 2.1, by the mean value inequality, we will get uniform C2 estimates
of φ.

Now, let’s do the computation:

∆′(exp{−Cφ}(m+∆φ)) = g′ij̄
∂2

∂zi∂z̄j
(exp{−Cφ}(m+∆φ))

= C2 exp{−Cφ}

(∑
i,j

g′ij̄φiφj̄

)
(m+∆φ)

− C exp{−Cφ}
∑
i,j

g′ij̄φi(∆φ)j̄

− C exp{−Cφ}
∑
i,j

g′ij̄(∆φ)iφj̄

− C exp{−Cφ}∆′φ(m+∆φ) + exp{−Cφ}∆′(∆φ).
(2.18)

For the complex inner product, we still have the following Cauchy-Schwartz
inequality, which plays an important role in our computation:

⟨∇φ,∇∆φ⟩C ≤ |∇φ| · |∇∆φ|, (2.19)

where ∇φ := gij̄ ∂φ
∂z̄j

∂
∂zi

. We can see that the complex gradient is only half of the
classic gradient in Riemannian geometry.

Using the Cauchy-Schwartz inequality to the second and third-order terms in
the right-hand side of 2.18:∑

i,j

g′ij̄φi(∆φ)j̄ ≤
√
g′ij̄φiφj̄

√
g′ij̄(∆φ)i(∆φ)i, (2.20)

Similarly, ∑
i,j

g′ij̄(∆φ)iφj̄ ≤
√
g′ij̄φiφj̄

√
g′ij̄(∆φ)i(∆φ)i, (2.21)

add the above two equations together:∑
i,j

g′ij̄φi(∆φ)j̄ +
∑
i,j

g′ij̄(∆φ)iφj̄ ≤ 2
√
g′ij̄φiφj̄

√
g′ij̄(∆φ)i(∆φ)i. (2.22)
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To eliminate the first term in the right-hand side of 2.18, we use the following
Cauchy-Schwartz inequality with ε:

2ab ≤ εa2 +
b2

ε
, ε > 0. (2.23)

Consider the right-hand side of 2.22, using the above inequality, and take

a =
√
g′ij̄φiφj̄, b =

√
g′ij̄(∆φ)i(∆φ)i, ε = C(m+∆φ),

we have:
− C exp{−Cφ}

∑
i,j

g′ij̄φi(∆φ)j̄ − C exp{−Cφ}
∑
i,j

g′ij̄(∆φ)iφj̄

≥ −C exp{−Cφ}
(
C(m+∆φ)g′ij̄φiφj̄ +

g′ij̄(∆φ)i(∆φ)i
C(m+∆φ)

)
= −C2 exp{−Cφ}

(
g′ij̄φiφj̄

)
(m+∆φ)− (m+∆φ)−1 exp{−Cφ}

∑
k,j

g′ij̄(∆φ)i(∆φ)j̄.

(2.24)
Substitute the above inequality into 2.18, we find:

∆′(exp{−Cφ}(m+∆φ)) ≥− (m+∆φ)−1 exp{−Cφ}
∑
k,j

g′ij̄(∆φ)i(∆φ)j̄

− C exp{−Cφ} (∆′φ) (m+∆φ) + exp{−Cφ}∆′(∆φ).
(2.25)

This preparation shows some symmetric properties of the third-order terms of φ.
Remember that by 2.16, the last term in the above inequality relates to the second
and third-order terms of φ. Therefore, we will try to eliminate the third-order terms
on the right-hand side. This is a tricky step.

As before, in our special coordinate, we have g′ij̄ =
δij

1+φīi
, and also, ∆φ is a

real-valued function, we have:∑
i

(∆φ)i · (∆φ)ī =
∑
i

|(∆φ)i|2 =
∑
i

∣∣∣∣∣∑
k

φkk̄i

∣∣∣∣∣
2

. (2.26)

Considering the third order terms of φ in the right-hand side of 2.25, i.e. the first
term and the last term, and plug 2.16 and 2.26 into it:

−(m+∆φ)−1
∑
i,i

g′ij̄(∆φ)i(∆φ)j̄ +∆′(∆φ)

≥− (m+∆φ)−1
∑
i

(1 + φīi)
−1

∣∣∣∣∣∑
k

φkk̄i

∣∣∣∣∣
2

+∆F +
∑
i,j,k

(1 + φkk̄)
−1 (1 + φīi)

−1 φkīj̄φik̄j̄

+
∑
i,l

(
inf
i ̸=l
Rīil̄l̄

)[∑
i,l

1 + φl̄l̄
1 + φīi

−m2

]
.

(2.27)
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We consider the first term on the right-hand side, write an extra term (1+φkk̄)
1/2

both in the numerator and denominator and use the Cauchy-Schwartz inequality:

(m+∆φ)−1
∑
i

(1 + φīi)
−1

∣∣∣∣∣∑
k

φkk̄i

∣∣∣∣∣
2

= (m+∆φ)−1
∑
i

(1 + φīi)
−1

∣∣∣∣∣∑
k

φkk̄i

(1 + φkk̄)
1/2

(1 + φkk̄)
1/2

∣∣∣∣∣
2

≤ (m+∆φ)−1

(∑
i,k

(1 + φīi)
−1 (1 + φkk̄)

−1 φkk̄iφk̄kī

)(∑
k

(1 + φkk̄)

)
=
∑
i,k

(1 + φīi)
−1 (1 + φkk̄)

−1 φkk̄iφk̄kī

=
∑
i,k

(1 + φīi)
−1 (1 + φkk̄)

−1 φik̄kφkīk̄

≤
∑
i,j,k

(1 + φkk̄)
−1 (1 + φīi)

−1 φik̄jφkīj̄.

(2.28)
Because we have

∑
k(1+φkk̄) = m+

∑
k φkk̄ = m+∆φ, the fourth line in the above

computation holds.
Next, we need to use the commutation formula for covariant derivatives up to

the third order. The basic rule is that we can always interchange the first and second
slots.

As for the second and third slots, if one indice is barred and the other is not, by
the Ricci identity, curvature terms show up after switching these slots. Otherwise,
we can also switch them freely, i.e., we are using the following equations:

φkk̄i = φk̄ki = φk̄ik = φik̄k, (2.29)

and
φk̄kī = φkk̄ī = φkīk̄. (2.30)

Plug the above two equations 2.29 and 2.30 into 2.28, we see the fifth line is valid.
In the last line, we substitute the summable indice k with k, j, and take the sum, re-
spectively. According to the positivity of the inner product, we know that inequality
holds.

Substitute 2.28 into the inequality 2.27. We see that all the third-order terms
on the right-hand side are eliminated, only the second-order terms left w.r.t. φ:

−(m+∆φ)−1
∑
i,j

g′ij̄(∆φ)i(∆φ)j̄ +∆′(∆φ)

≥ ∆F +

(
inf
i ̸=l
Rīil̄

)[∑
i,l

1 + φīi
1 + φll̄

−m2

]
.

(2.31)
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Then, we substitute the above inequality 2.31 into 2.25:

∆′(exp{−Cφ}(m+∆φ)) ≥ exp{−Cφ}

[
∆F + inf

i ̸=l
(Rīil̄)

(∑
i,l

1 + φīi
1 + φll̄

−m2

)]
− C exp{−Cφ} (∆′φ) (m+∆φ).

(2.32)
Continue to simplify the above inequality:
Since at the maximal point of exp{−Cφ}(m+∆φ), the left-hand side of 2.32 is

smaller or equal to 0, we will try to deduce the right-hand side to terms only related
to ∆φ, and thus get upper estimates of the second terms.

In the special coordinate, we have:

∆′φ = m−
∑
i

1

1 + φīi
.

We also have the following identity:∑
i,l

1 + φīi
1 + φll̄

=

(∑
i

1

1 + φīi

)(∑
l

(1 + φll̄)

)
= (m+∆φ)

(∑
i

1

1 + φīi

)
, (2.33)

Substitute the above equation into 2.32:

∆′(exp{−Cφ}(m+∆φ)) ≥ exp{−Cφ}
(
∆F −m2 inf

i ̸=l
(Rīill̄)

)
+ exp{−Cφ} inf

i ̸=l
(Rīill̄)

(∑
i,l

1 + φīi
1 + φll̄

)

− C exp{−Cφ}m(m+∆φ) + C exp{−Cφ}(m+∆φ)
∑
i

1

1 + φīi

= exp{−Cφ}
(
∆F −m2 inf

i ̸=l
(Rīill̄)

)
− C exp{−Cφ}m(m+∆φ)

+

(
C + inf

i ̸=l
(Rīill̄)

)
exp{−Cφ}(m+∆φ)

(∑
i

1

1 + φīi

)
.

(2.34)

We want to represent the term
∑

i
1

1+φīi
in the right-hand side by m+∆φ, thus

the following inequality is needed:∑
i

1

1 + φīi
≥
(∑

i (1 + φīi)∏
i (1 + φīi)

)1/(m−1)

. (2.35)

We first prove the above inequality. Take the (m− 1)-th power on both sides:(∑
i

1

1 + φīi

)(m−1)

≥
∑

i (1 + φīi)∏
i (1 + φīi)

. (2.36)
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We can see that the left-hand side is to take arbitrarily m− 1 terms of
∑

i
1

1+φīi

and multiply them together. This allows some repetition, such as the term looks like(
1

1+φ11̄

)(m−1)

. However, on the right-hand side, there are only terms with different
indices, i.e., each term is a product of m− 1 terms that look like 1

1+φīi
.

Thus, the right-hand side is included in the left-hand side. And according to
the assumption, (g′ij̄) is positive definite, i.e. for any i, 1 + φīi > 0. Therefore, the
inequality 2.35 holds.

We continue to simplify the right-hand side of 2.35.
The numerator is ∑

i

(1 + φīi) = m+∆φ. (2.37)

Combine with the fact that φ satisfies the complex Monge-Ampère equation 2.1, in
our coordinate, the left-hand side of the equation is a diagonal matrix, thus:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
=
∏
i

(1 + φīi) = exp{F}. (2.38)

Substitute the above equation and 2.37 into 2.35, we have:∑
i

1

1 + φīi
≥ (m+∆φ)1/(m−1) exp

{
−F
m− 1

}
. (2.39)

Substitute the above equation into 2.34 and sort out, we find:

∆′(exp{−Cφ}(m+∆φ)) ≥ exp{−Cφ}
(
∆F −m2 inf

i ̸=l
(Rīill̄)

)
− C exp{−Cφ}m(m+∆φ)

+

(
C + inf

i ̸=l
(Rīiil)

)
exp{−Cφ} exp

{
−F
m− 1

}
(m+∆φ)1+1/(m−1).

(2.40)
We can choose the constant C large enough, s.t.:

C + inf
i≠l

(Rīill̄) > 1. (2.41)

This assumption assures the coefficient of the highest order terms w.r.t. to m+∆φ
in 2.40 is positive.

We know that exp{−Cφ}(m + ∆φ) must achieve its maximal on the compact
manifold at some point p. At this point, the Laplacian is non-positive. Thus, at p,
the left-hand side of the inequality 2.40 is non-positive, and we have:

0 ≥ ∆F −m2 inf
i ̸=l

(Rīill̄)− Cm(m+∆φ)

+

(
C + inf

i ̸=l
(Rīill̄)

)
exp

{
−F
m− 1

}
(m+∆φ)1+1/(m−1).

(2.42)
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Set the crucial term m+∆φ to be y, then the above inequality can be regarded
as an inequality w.r.t. y:

y1+1/(m−1) ≤ ay + b. (2.43)

Thus, we can deduce that either y1+1/(m−1) ≤ 2ay or y1+1/(m−1) ≤ 2b is true. No
matter which inequality holds, we get an upper bound estimate of y w.r.t. a, b.

Therefore, we can implement a similar method to inequality 2.42. This gives
us the upper estimate of (m+∆φ)(p) in terms of supM(−∆F ), supM |infi ̸=l (Rīill̄)|,
C ·m and supM F , which we denote by C1, i.e.:

(m+∆φ)(p) ≤ C1, (2.44)

where the constant C1 only depends on the manifold M and its initial Kähler metric.
In particular, we should notice the power of the right-hand side in 2.39, which

is slightly greater than 1
m

. In the inequality 2.35, we may wonder if we can use the
mean value inequality directly and get:

∑
i

1

1 + φīi
≥ m m

√∏
i

(1 + φīi) = m exp{F
m
}. (2.45)

If we apply the above inequality to inequality 2.34, by similar computation, we have
the following inequality that looks like 2.42:

0 ≥ ∆F −m2 inf
i ̸=l

(Rīill̄)− Cm(m+∆φ) +

(
C + inf

i ̸=l
(Rīill̄)

)
m(m+∆φ) exp{F

m
}

= ∆F −m2 inf
i ̸=l

(Rīill̄) +

[(
C + inf

i ̸=l
(Rīill̄)

)
exp{F

m
} − C

]
m(m+∆φ)

= ∆F −m2 inf
i ̸=l

(Rīill̄) +

[(
exp{F

m
} − 1

)
C + inf

i ̸=l
Rīill̄ · exp{

F

m
}
]
m(m+∆φ).

(2.46)
In this way, the coefficient of C in the above inequality may not always be positive.
However, we need C to be positive. If exp{ F

m
} − 1 is negative, as C becomes large,

we cannot get an upper bound estimate of m +∆φ. Therefore, the inequality 2.35
is necessary and ingenious.

So far, we have the maximal estimate ofm+∆φ at the point p, where exp{−Cφ}(m+
∆φ) achieves its maximal on the whole manifold. We still want to know the estimate
of m+∆φ not only at p but on the whole manifold M . This relies on the uniform
bound of φ:

exp{−Cφ}(m+∆φ) ≤ exp{−Cφ(p)}(m+∆φ)(p)

= exp{−Cφ(p)} · C1

≤ C1 · sup
M

exp{−Cφ}

= C1 · exp{−C inf
M
φ}.

(2.47)
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Therefore, after shifting terms in the above inequality, and together with the pos-
itiveness of Hermitian metric, we have the second-order estimate of φ in terms of
the lower bound of φ itself:

0 < m+∆φ ≤ C1 exp
{
C
(
φ− inf

M
φ
)}

. (2.48)

2.2 A Priori C0 Estimates

In this section, we will first use the properties of Green functions to give the integral
estimate of φ, i.e., the L1-norm estimate. If we both have the L1 and C2 estimates
of φ, with Schauder theory in elliptic equations, we will have the C1 estimate of φ.
Therefore, the C1, C2 estimates are reduced to the C0 estimate. And giving the C0

estimate is also the most crucial step in Shing-Tung Yau’s paper.
First, using the Green function, we can give the upper bound estimate and L1

estimate of φ without many difficulties.
Suppose G(p, q) is the Green function of Laplacian on the compact manifold M .

The classic differential equation theory assures the existence and uniqueness of the
Green function. One can reference the book [Li12], Chapter 17.

And we can always find a constant K only depends on the manifold M , s.t.:

G(p, q) +K ≥ 0. (2.49)

Since the manifold M is compact, we don’t need to consider the boundary terms.
Together with the regularity assumption of φ, using the Green formula, we have, for
any p ∈M :

φ(p) = −
∫
M

G(p, q)∆φ(q)dq

= −
∫
M

(G(p, q) +K)∆φ(q)dq.

(2.50)

By integral by parts, we know the integral of the Laplacian of a function is always
equal to 0 on compact manifolds. Thus, the last equality holds. We add the constant
K to ensure the positive sign of G(p, q) +K.

Recall that we have m + ∆φ > 0, i.e. −∆φ < m, and substitute it into the
equation above:

sup
M

φ ≤ m sup
p∈M

∫
M

(G(p, q) +K)dq. (2.51)

Therefore, we give the upper bound estimate of φ, which only relies on the
estimates of the fixed Green function. To get the estimate of supM |φ|, we still need
the lower bound estimate of φ, i.e., we need to give the estimate of infM φ.
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By the above inequality and our assumption,
∫
M
φ = 0, together with the triangle

inequality, we find:∫
M

|φ| =
∫
M

| sup
M

φ− φ− sup
M

φ| ≤
∫
M

∣∣∣∣sup
M

φ− φ

∣∣∣∣+ ∫
M

| supφ|

=

(
sup
M

φ

)
Vol(M)−

∫
M

φ+

(
sup
M

φ

)
Vol(M)

≤ 2mVol(M) sup
p∈M

∫
M

(G(p, q) +K)dq.

(2.52)

Since supM φ ≥ φ, i.e., supM φ − φ ≥ 0, we see clearly that the second line in
the above computation holds. By assumption

∫
M
φ = 0, thus, there is a point x, s.t.

supM φ ≥ φ(x) ≥ 0. Therefore, we can remove the absolute value sign for supM φ
in the first line.

To estimate supM |φ|, we still need the lower bound estimate, i.e. infM φ. In
Yau’s paper, he gave two different methods to prove such an estimate exists, ac-
cording to whether the manifold’s dimension equals 2. Firstly, he gave the estimate
when m = 2, then the proof for arbitrary dimension.

Let’s first assume m = 2. We have had the estimate of supM φ. Thus, we can
rescale to fix the sign of φ. Because we want the lower bound estimate, w.l.o.g. we
assume φ is always negative. To achieve this, we can choose φ̃ differs only a constant
from φ:

φ̃ = φ− 1−m sup
p∈M

∫
M

(G(p, q) +K)dq. (2.53)

Substitute φ with φ̃, and for convenience, we still write φ.
By the triangle inequality and the compactness of the manifold M , we still have

the L1 estimate, i.e.,
∫
M
|φ| can be estimated, and also we know infM φ ≤ supM φ ≤

−1.
The basic idea for the C0 estimate is:
Firstly, consider the upper bound estimate of the integral

∫
M
exp{kφ2}, where k

is a positive number that satisfies some constraints. Suppose we have such an upper
estimate. We want a lower bound for this integral related to infM φ. Then, we can
estimate infM φ using the inequality. More specifically, we rescale the integral in
some geodesic ball, s.t. the radius of the geodesic ball relates to infM φ, and by
assumption, exp{kφ2} is lower bounded in this geodesic ball. This will turn out to
give us the wanted inequality.

In order to show the upper bound estimate of
∫
M
exp{kφ2}, we consider the

Taylor expansion of exp{kφ2} w.r.t. kφ2:

exp{kφ2} =
∞∑
p=0

kp

p!
φ2p. (2.54)
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Since the convergence radius of the series above is ∞, i.e. the Taylor expansion
converges uniformly to exp{kφ2}, we can take the term by term integral:∫

M

exp{kφ2} ≤
∞∑
p=0

kp

p!

∫
M

|φ|2p. (2.55)

Therefore, we need to give upper bound estimates of
∫
M
|φ|2p for any positive

integer p. For the special case, when p = 0, apparently we have
∫
M
1 = Vol(M).

Firstly, by definition, suppose f ∈ C2(R), g ∈ C2(M ;R), we have the following
Laplacian formula for composite functions:

∆f(g) = f ′∆g + f ′′|∇g|2. (2.56)

Thus, for any fixed p ≥ 1 (note that we don’t require p to be an integer here), sub-
stitute f(x) = xp, g = −φ into the above formula. Note that we use the normalized
Laplacian and inner product of the metric g′ here:

∆′(−φ)p = −p(−φ)p−1∆′φ+ p(p− 1)(−φ)p−2g
′ij̄φiφj̄

= −p(−φ)p−1∆′φ+ p(p− 1)(−φ)p−2
∑
i

|φi|2

1 + φīi

= −p(−φ)p−1

(
m−

∑
i

1

1 + φīi

)
+ p(p− 1)(−φ)p−2

∑
i

|φi|2

1 + φīi
.

(2.57)

By assumption, now m = 2. Expand the summation, we have:

∆′(−φ)p =p(p− 1)(−φ)p−2
∑
i

|φi|2

1 + φīi

− 2p(−φ)p−1 + p(−φ)p−1 (1 + φ11̄)
−1 (1 + φ22̄)

−1 (2 + ∆φ)

=p(p− 1)(−φ)p−2
∑
i

|φi|2

1 + φīi
− 2p(−φ)p−1

+ 2p(−φ)p−1 exp{−F}
+ exp{−F}

[
−∆(−φ)p + p(p− 1)(−φ)p−2|∇φ|2

]
.

(2.58)

In the second line of the above equation, we use:

(1 + φ11̄)
−1 (1 + φ22̄)

−1 (2 + ∆φ) =
(1 + φ11̄) + (1 + φ22̄)

(1 + φ11̄) (1 + φ22̄)

=
1

1 + φ11̄

+
1

1 + φ22̄

.

(2.59)

In the last line of 2.58, we use the equation exp{F} = (1 + φ11̄) (1 + φ22̄) and
the Laplacian formula for composite functions.
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Then, we multiply 2.58 by exp{F} on both sides, and take integral w.r.t. the
volume form of the initial metric g =

∑
i,j gij̄dz

i ⊗ dz̄j. By the complex Monge-
Ampère equation 2.1 and the fact that the integral of the Laplacian of a function
equals 0, we have: ∫

M

exp{F}∆′(−φ)pωmg =

∫
M

∆′(−φ)pωmg′ = 0. (2.60)

Here, we use ωg to denote the volume form in terms of the metric g. In this way,
the equation 2.1 is equivalent to:

ωmg′ = exp{F}ωmg . (2.61)

Shift terms, we then have:

2p

∫
M

(−φ)p−1(1− exp{F}) =p(p− 1)

∫
M

(−φ)p−2

(∑
i

|φi|2

1 + φīi

)
exp{F}

−
∫
M

∆(−φ)p + p(p− 1)

∫
M

(−φ)p−2|∇φ|2.
(2.62)

The second term on the right-hand side of the above equation equals 0, and we have:

|∇(−φ)p/2|2 = g(∇(−φ)p/2,∇(−φ)p/2) =
∑
i

∂

∂zi
(−φ)p/2 · ∂

∂z̄i
(−φ)p/2

=
p2

4
(−φ)p−2|∇φ|2.

(2.63)

Therefore,

2p

∫
M

(−φ)p−1(1− exp{F}) = p(p− 1)

∫
M

(−φ)p−2

(∑
i

|φi|2

1 + φīi

)
exp{F}

+
4(p− 1)

p

∫
M

∣∣∇(−φ)p/2
∣∣2 . (2.64)

Recall that we set φ to be less or equal to −1. Thus, we can scale the first term of
the right-hand side in the above equation. Because it’s greater than 0, and we get:∫

M

∣∣∇(−φ)p/2
∣∣2 ≤ p2

2(p− 1)

∫
M

(−φ)p−1(1− exp{F}). (2.65)

Set C2 = supM(1− exp{F}). When p ≥ 2, we have:
p

2(p− 1)
≤ 1. (2.66)

Therefore, by 2.65, we have the following useful inequality:∫
M

∣∣∇(−φ)p/2
∣∣2 ≤ p2

2(p− 1)

∣∣∣∣∫
M

(1− exp{F})(−φ)p−1

∣∣∣∣
≤ pC2

∫
M

|φ|p−1.

(2.67)
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Remember that we aim to give the upper bound estimate of
∫
M
|φ|2p for any positive

integer p.
Next, we need to use the Sobolev inequality. One can refer to [Eva10]: Suppose

u ∈ W 1,p(Ω), where Ω ⊂ Rn is a bounded open subset in the Euclidean space. When
n > p, set 1/p∗ = 1/p− 1/n, we have:

∥u∥Lp∗ (Ω) ≤ C(Ω, n, p)∥∇u∥W 1,r(Ω). (2.68)

Since the manifold M is compact, we can always divide it into finite open subsets,
and each subset is diffeomorphism to some bounded open subset in the Euclidean
space. We have the Sobolev inequality in each such subset. Thus, together, we
see the Sobolev inequality holds on the whole manifold M , i.e., for any function
f ∈ W 1,r, r < dimR(M), we have:

∥f∥Lr∗ (M) ≤ C(∥f∥Lr(M) + ∥∇f∥Lr(M)), (2.69)

where the constant C only depends on the manifold M .
Now, the complex dimension of the manifold m = 2 and the real dimension

n = 4. Take r = 2, r∗ = 4, and f = |φ| p2 :(∫
M

|φ|2p
)1/4

≤ C

((∫
M

|φ|p
)1/2

+

(∫
M

|∇(−φ)p/2|2
)1/2

)
. (2.70)

By assumption, φ is always negative on the manifold M . Take a square on both
sides of the above inequality and use the mean value inequality to the cross-product
term. Finally, substitute 2.67 into the inequality, we will get a constant C3 = 2C2

that only depends on the manifold M , s.t.:(∫
M

|φ|2p
)1/2

≤ C2

(∫
M

|φ|p +
∫
M

|∇(−φ)p/2|2 + 2

(∫
M

|φ|p
)1/2

·
(∫

M

|∇(−φ)p/2|2
)1/2

)

≤ 2C2

(∫
M

|φ|p +
∫
M

∣∣∇(−φ)p/2
∣∣2)

= C3

∫
M

|φ|p + C3

∫
M

∣∣∇(−φ)p/2
∣∣2

≤ C3

∫
M

|φ|p + pC2C3

∫
M

|φ|p−1.

(2.71)
Since φ ≤ −1, |φ| ≥ 1, we know |φ|p−1 ≤ |φ|p. Thus, we can scale the second term
in the last line of the above inequality:∫

M

|φ|2p ≤
(
C3

∫
M

|φ|p + pC2C3

∫
M

|φ|p−1

)2

≤ (C3 + pC2C3)
2

(∫
M

|φ|p
)2

. (2.72)

In this way, we can find a constant C4 that only depends on the manifold M , s.t.:∫
M

|φ|2p ≤ C4p
2

(∫
M

|φ|p
)2

. (2.73)
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This inequality is useful in iteration since it estimates the higher-order integral norm
with only the lower-order integral norm.

Next, we need the Poincaré inequality. The reference is also [Eva10]:
Set u ∈ W 1,r(M), ū = 1

Vol(M)

∫
M
u, which is the average of the function u on the

manifold. Poincaré inequality states that:∫
M

(u− ū)r ≤ CP

∫
M

|∇u|r, (2.74)

where CP is called the Poincaré constant that only depends on the manifold M .
By assumption

∫
M
φ = 0. Thus, when we take r = 2, this inequality becomes∫

M
|φ|2 ≤ C

∫
M
|∇φ|2, where the constant C only depends on the manifold M . Also,

together with 2.67, we have:∫
M

|φ|2 =
∫
M

(−φ)2 ≤ C

∫
M

|∇(−φ)|2 ≤ 2CC2

∫
M

|φ|. (2.75)

Therefore, we can get the L2 estimate of φ with the previous L1 estimate.
Next, we want to show that for any integer p ≥ 1, there is a constant C5 that

only depends on the manifold M , s.t.:∫
M

|φ|p ≤ Cp
5

(p
2

)p/2
. (2.76)

Set p0 is the first integer, satisfies that for any p ≥ p0, we have:

C4(1 + VolM)

(
p+ 2

4

)(p+1)/2

≤
(
p+ 1

2

)(p−3)/2

. (2.77)

Such a p0 always exists since we can shift the terms to the right-hand side and see:

lim
p→∞

(
p+1
2

)(p−3)/2(
p+2
4

)(p+1)/2
= lim

p→∞
e−1/2(1− 1

p+ 2
)−5/2 · 2

p+5
2 · 1

(p+ 2)2
= +∞. (2.78)

The first two terms in the above limit go to a constant e−1/2, and the last two terms
go to +∞. Thus, we know the limit is +∞.

On the other hand, we already had the estimates of ∥φ∥L1 , ∥φ∥L2 . In order to get
the higher estimates of ∥φ∥Lp , we only need to use the Hölder inequality repeatedly.
Suppose Ω ⊂ Rn, f ∈ Lp(Ω), g ∈ Lq(Ω), 1

p
+ 1

q
= 1, 1 ≤ p, q ≤ ∞, we have:∫

Ω

|fg|dx ≤ ∥f∥p · ∥f∥p. (2.79)

With above inequality and the useful inequality 2.73, we have the ∥φ∥Lp estimates
w.r.t. arbitrary positive integer p.
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For example, we can consider a concrete norm:
The estimate of ∥φ∥L5 . By Hölder inequality:∫

M

|φ|5 =
∫
M

|φ|2 · |φ|3 ≤
(∫

M

|φ|4
)1/2

·
(∫

M

|φ|6
)1/2

. (2.80)

Again, use the inequality 2.73 and the Hölder inequality, we will get an estimate of
∥φ∥L5 that only depends on the estimates of ∥φ∥L1 , ∥φ∥L2 .

We still need to know how fast the estimate of ∥φ∥Lp grows w.r.t. p.
With the above example in mind, we can describe the idea first:
We want to use the lower integral norm of φ to control the higher integral norm.

The most powerful tool is the inequality 2.73.
We continue the argument according to the different parity of p+1, and we can

get the result quickly:
First, take a sufficiently large constant C5, s.t. for any p satisfies 1 ≤ p ≤ 2p0,

for all these finitely many terms, the inequality 2.76 holds. Then, by mathematical
induction, we want to prove that 2.76 holds for any p ≥ 1.

If p + 1 is even, we first apply the inequality 2.73. Then, by the induction
assumption, we apply the inequality 2.76 to get:∫

M

|φ|p+1 ≤ C4

(
p+ 1

2

)2(∫
M

|φ|(p+1)/2

)2

≤ C4

(
p+ 1

2

)2
(
C

(p+1)/2
5

(
p+ 1

4

)(p+1)/4
)2

= C4

(
p+ 1

2

)2

Cp+1
5

(
p+ 1

4

)(p+1)/2

.

(2.81)

Use 2.77 to scale the above inequality:∫
M

|φ|p+1 ≤ C4

(
p+ 1

2

)2

Cp+1
5

(
p+ 1

4

)(p+1)/2

≤
(
p+ 1

2

)2

· C4

(
p+ 2

4

)(p+1)/2

· Cp+1
5

≤
(
p+ 1

2

)2

· 1

(1 + Vol(M))

(
p+ 1

2

)(p−3)/2

· Cp+1
5

≤ Cp+1
5

(
p+ 1

2

)(p+1)/2

.

(2.82)

Thus, we know if we use p+ 1 to replace p, the inequality 2.76 still holds.
If p + 1 is odd, we also first use the inequality 2.73, which allows us to descend

the order of the integral norm of φ. Then, we use the Hölder inequality to scale
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|φ|(p+1)/2 to |φ|(p+2)/2. Thus, we can still use the induction assumption in 2.76. Here
is the computation:∫

M

|φ|p+1 ≤ C4

(
p+ 1

2

)2(∫
M

|φ|(p+1)/2

)2

≤ C4

(
p+ 1

2

)2(∫
M

|φ|(p+1)/2 · 1
)2

≤ C4

(
p+ 1

2

)2
((∫

M

(
|φ|

p+1
2

) p+2
p+1

) p+1
p+2

·
(∫

M

1p+2

) 1
p+2

)2

= C4

(
p+ 1

2

)2 [∫
M

|φ|(p+2)/2

]2(p+1)/(p+2)

Vol(M)2/(p+2)

≤ C4

(
p+ 1

2

)2

Cp+1
5

(
p+ 2

4

)(p+1)/2

Vol(M)2/(p+2).

(2.83)

Note that in the third line of the above inequality, we take the power in Hölder
inequality to be p+2

p+1
, p+ 2, respectively, s.t.:

p+ 1

p+ 2
+

1

p+ 2
= 1. (2.84)

Thus, we know that when p+ 1 is odd, the inequality 2.76 holds.
Therefore, there is a large constant C5, s.t. for any positive integer p ≥ 1, the

inequality 2.76 holds.
According to the idea stated above, we can apply the inequality 2.76 to 2.55:∫

M

exp
{
kφ2
}
≤

∞∑
p=0

kp

p!

∫
M

|φ|2p

≤
∞∑
p=0

kp

p!

(
C2

5

)p
pp.

(2.85)

By the Stirling’s formula, for any positive integer p:

p! ≥
√
2πpp+1/2e−p. (2.86)

Plug the above inequality into 2.85, we have:∫
M

exp
{
kφ2
}
≤

∞∑
p=0

kp√
2πpp+1/2e−p

(
C2

5

)p
pp

=
∞∑
p=0

(2π)−1/2
(
kC2

5e
)p
p−1/2.

(2.87)

Set a := kC2
5e. We consider the convergence of the following series:

∞∑
p=0

ap

p1/2
. (2.88)
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By the ratio criterion:
lim
p→∞

∣∣∣∣ ap+1

(p+ 1)1/2
/
ap

p1/2

∣∣∣∣ = a. (2.89)

Thus, if we want the series to converge, we need to restrict k, s.t. k < C−2
5 e−1,

i.e. a < 1. In this case, we know the right-hand side series of 2.87 is convergent.
Therefore, we have an upper estimate of

∫
M
exp {kφ2}.

Next, we can give the estimate of supM |φ|: Set ∆φ = f , then by the inequality
2.48:

−m ≤ f ≤ C1 exp{C supφ} exp
{
− inf

M
φ
}
, (2.90)

where C1, C are known positive constant.
By Schauder estimates, one can refer to [Mor66]�p.156(5.5.23), we know there is

a constant C6 that only depends on the manifold M and C1 exp {C supφ}, s.t.:

sup
M

|∇φ| ≤ C6

(
exp{−C inf φ}+

∫
M

|φ|
)
. (2.91)

Together with the previous estimates 2.51�2.52, and the estimates for ∥φ∥L1 and
supM φ, we can scale the right-hand side of the above inequality. Thus, we get a
constant C7 that only depends on the manifold M and C, s.t.:

sup
M

|∇φ| ≤ C7(exp{−C inf φ}+ 1). (2.92)

As stated before, we consider a special geodesic ball on the manifold M :
Set q is to be a minimal point of φ in the manifold M , i.e. φ(q) = infM φ. Con-

sider the geodesic ball, centered at q, and with radius r = −1
2
(inf φ)C−1

7 (exp{−C inf φ}+
1)−1. Note that − infM φ is assumed to be a large positive number. Otherwise there
is an estimate for infM φ anyway. Thus, we can further assume the radius of this
geodesic ball is smaller than the injective radius of the point q. Then, by the mean
value theorem, since we have an estimate for ∇φ, in this geodesic ball, we always
have φ ≤ 1

2
infM φ.

We scale smaller the upper bound estimate of
∫
M
exp {kφ2}, at any point on the

manifold M , we have:

exp
{
kφ2
}
≥ exp

{
k(

1

2
inf
M
φ)2
}
. (2.93)

Therefore,∫
B(q,r)

exp
{
kφ2
}
≥ C8 exp

{
1

4
k(− inf φ)2

}(
−1

2
inf φ

)2m

C−2m
7 (exp{−C inf φ}+1)−2m,

(2.94)
where C8 is a positive constant that only depends on the manifold M .

Because the right-hand side can be regarded as an increasing function of − infM φ,
and goes to +∞, as − infM φ goes to +∞, and now we know the right-hand side
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has an upper bound. As a result, we know − infM φ is upper bounded, and infM φ
is lower bounded. Together with the estimate for supM φ, we get the estimate for
supM |φ|, i.e. the C0 estimate, when m = 2.

Next, we don’t assume that m = 2, and give the estimate of infM φ for general
dimension.

Suppose N is some positive integer. In order to be different with the inequality
2.34, we replace the C there with N , and get:

∆′(exp{−Nφ}(m+∆φ)) ≥ exp{−Nφ}
(
∆F −m2 inf

i ̸=l
(Rīill̄)

)
−N exp{−Nφ}m(m+∆φ)

+

(
N + inf

i ̸=l
(Rīill̄)

)
exp{−Nφ}(m+∆φ)

(∑
i

1

1 + φīi

)
.

(2.95)
Similar to the previous argument, to fix the sign and to compute further esti-

mates, we need to set N large enough, s.t.:

N + inf
i ̸=l

(Rīill̄) ≥
1

2
N. (2.96)

Recall we have the conclusion 2.39, which is obtained by using the special in-
equality 2.35. Multiply the following term on both sides of 2.39:(

N + inf
i ̸=l

(Rīill̄)

)
(m+∆φ),

and we have:

(
N + inf

i ̸=l
(Rīill̄)

)
(m+∆φ)

(∑
i

1

1 + φīi

)
≥ 1

2
N exp

{
−F
m− 1

}
(m+∆φ)1+

1
m−1 .

(2.97)
Also, we use the fact that if x ∈ R is bounded from below, there is some constant
c, s.t.:

x1+
1

m−1 − x ≥ c. (2.98)

With the inequality above, and together with the positiveness of the Kähler metric,
set x to be m + ∆φ. We know there is a constant C9 that only depends on supF
and m, s.t.:

1

2
N exp

{
−F
m− 1

}
(m+∆φ)m/(m−1) ≥ 2Nm(m+∆φ)−NC9. (2.99)
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Substitute 2.96, 2.97 and 2.119 into 2.95, we have:

∆′(exp{−Nφ}(m+∆φ)) ≥ exp{−Nφ}
(
∆F −m2 inf

i ̸=l
(Rīil̄)

)
−N exp{−Nφ}m(m+∆φ)

+
1

2
N exp

{
−F
m− 1

}
(m+∆φ)

m
m−1 exp{−Nφ}

≥ exp{−Nφ}
(
∆F −m2 inf

i ̸=l
(Rīil̄)−NC9

)
+N exp{−Nφ}m(m+∆φ).

(2.100)
Multiply exp{F} on both sides, scale a little bit, and multiply the coefficient into
the bracket of the last term m+∆φ. We have:

exp{F}∆′(exp{−Nφ}(m+∆φ)) ≥ exp{−Nφ} exp{F}
(
∆F −m2 inf

i ̸=l
(Rīill̄)−NC9

)
+N exp{−Nφ} exp{inf F}m(m+∆φ)

= exp{−Nφ}
{
exp{F}

(
∆F −m2 inf

i ̸=l
(Rīiil̄)−NC9

)
+m2N exp{inf F}

}
+mN exp{inf F} exp{−Nφ}∆φ.

(2.101)
Then, compute the Laplacian of the composite function exp{−Nφ}:

∆exp{−Nφ} = −N exp{−Nφ}∆φ+N2 exp{−Nφ}|∇φ|2. (2.102)

Plug the first term on the right-hand side of the above equality into the last term
on the right-hand side of 2.101:
exp{F}∆′(exp{−Nφ}(m+∆φ))

≥ exp{−Nφ}
{
exp{F}

(
∆F −m2 inf

i ̸=l
(Rīill̄)−NC9

)
+m2N exp{inf F}

}
+m exp{inf F}

(
−∆exp{−Nφ}+N2 exp{−Nφ}|∇φ|2

)
.

(2.103)
The terms in the brace of the above inequality are bounded from below on the
compact manifold M . We denote it as −C10, and it only depends on N,F and the
manifold M :

exp{F}∆′(exp{−Nφ}(m+∆φ))

≥ −C10 exp{−Nφ}+m exp{inf F}
(
−∆exp{−Nφ}+N2 exp{−Nφ}|∇φ|2

)
.

(2.104)
Multiply the above inequality with the volume form ωmg w.r.t. the initial Kähler met-
ric and take the integral. By the complex Monge-Ampère equation ωmg′ = exp{F}ωmg ,
we know the left-hand side and the second term on the right-hand side are both equal
to 0. Furthermore, multiply 1

4
on both sides, we have:

1

4
N2

∫
M

exp{−Nφ}|∇φ|2 =
∫
M

∣∣∣∣∇ exp

{
−1

2
Nφ

}∣∣∣∣2
≤ 1

4
C10m

−1 exp{− inf F}
∫
M

exp{−Nφ}.
(2.105)

27



With these preparations, we will give the upper bound estimate of
∫
M
exp {−Nφ}.

We use the contradiction argument. Suppose there is no upper bound for∫
M
exp {−Nφ}, i.e.

∫
M
exp {−Nφ} = +∞. Recall that we have some regularity

assumption of φ. Thus, according to the Sobolev approximation theorem, refer to
[Eva10]. We know there is a sequence of {φi} converges to φ in the H1(M) norm.
And each term satisfies the L1 estimate in 2.52 and the above inequality. However,
the limit of its integral goes to infinity:

lim
i→∞

∫
M

exp {−Nφi} = +∞. (2.106)

We define:
exp {−Nφ̃i} :=

exp {−Nφi}∫
M
exp {−Nφi}

, (2.107)

and

exp

{
−1

2
Nφ̃i

}
:=

exp
{
−1

2
Nφi

}(∫
M
exp {−Nφi}

) 1
2

. (2.108)

In particular, we can compute:∫
M

∣∣∣∣∇ exp

{
−1

2
Nφ̃i

}∣∣∣∣2 =
∫
M

∣∣∇ exp
{
−1

2
Nφi

}∣∣2∫
M
exp {−Nφi}

. (2.109)

Therefore, by the inequality 2.105, we have:∫
M

∣∣∣∣∇ exp

{
−1

2
Nφ̃i

}∣∣∣∣2 ≤ 1

4
C10m

−1 exp{− inf F}. (2.110)

From the above inequality, we know that
∫
M

∣∣∇ exp
{
−1

2
Nφ̃i

}∣∣2 is uniformly upper
bounded, and the upper bound only depends on the constant N,F and the manifold
M itself.

By the Sobolev embedding theorem [Eva10], we know that H1(M) ⊂⊂ L2(M)
is compact embedding, i.e. for any bounded series in H1(M), there is a subsequence
that converges in the L2(M) norm, and the limit function still belongs to L2(M).

By definition 2.108, we have:∫
M

∣∣∣∣exp{−1

2
Nφ̃i

}∣∣∣∣2 =
∫
M
exp

{
−1

2
Nφi · 2

}∫
M
exp{−Nφi}

= 1. (2.111)

Therefore, we consider the sequence {exp
{
−1

2
Nφ̃i

}
}, and by the inequalities

2.110 and 2.111, we know this sequence is bounded in H1(M). Thus, a subsequence
converges in the L2(M) norm. Moreover, this subsequence’s limit function f still
belongs to L2(M). W.l.o.g, we denote this subsequence as {exp

{
−1

2
Nφ̃i

}
} itself.
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On the other hand, for any λ > 0, we have:∫
M

|φ| =
∫
{x||φ(x)|≥λ}

|φ|+
∫
{x||φ(x)|<λ}

|φ|

≥ λVol{x | |φ(x)| ≥ λ}.
(2.112)

Rewrite the above inequality:

Vol{x||φ|(x) ≥ λ} ≤ 1

λ

∫
M

|φ|. (2.113)

Furthermore, according to the definition 2.108, write exp{−1
2
Nφ̃i} explicitly,

and take natural logarithm on both sides, then tidy up the result:

Vol

{
x

∣∣∣∣λ ≤ exp

{
−1

2
Nφ̃i

}}
= Vol

x
∣∣∣∣∣∣λ ≤

exp
{
−1

2
Nφi

}(∫
M
exp {−Nφi}

) 1
2


= Vol

{
x

∣∣∣∣ 2N log λ+
1

N
log

∫
M

exp {−Nφi} ≤ −φi
}
.

(2.114)
By assumption, we have limi→∞

∫
M
exp {−1

2
Nφi} = ∞. Thus, when i is suffi-

ciently large:

Vol

{
x

∣∣∣∣λ ≤ exp

{
−1

2
Nφ̃i

}}
≤ Vol

{
x

∣∣∣∣0 < 2

N
log λ+

1

N
log

∫
M

exp {−Nφi} ≤
∣∣∣∣φi∣∣∣∣ }

≤
(

2

N
log λ+

1

N
log

∫
M

exp {−Nφi}
)−1 ∫

M

|φi| .

(2.115)
The first inequality holds because when i is large enough, it first assures that

2

N
log λ+

1

N
log

∫
M

exp{−Nφi} > 0,

and if we replace −φi with |φi| in 2.114, the measure is non-decreasing. The second
inequality holds because of the inequality 2.113.

By assumption 2.52, the sequence
{∫

M
|φi|
}

is uniformly bounded. Thus, let i
tend to ∞ in 2.115, the numerator is bounded, the denominator tends to infinity,
and the whole right-hand side tends to 0. Therefore, for any λ > 0, we have:

lim
i→∞

Vol
{
x | λ ≤ exp

{
−1

2
Nφ̃i

}}
= 0. (2.116)

Next, we consider the measure of the set {x | λ ≤ f(x)}: Firstly, since f is the
L2(M) limit of the sequence {exp

{
−1

2
Nφ̃i

}
}, we have f ≥ 0. We then prove the

following relation:

{x | λ ≤ f(x)} ⊂
{
x | 1

2
λ ≤

∣∣∣∣f − exp

{
−1

2
Nφ̃i

}∣∣∣∣ }⋃{
x | 1

2
λ ≤ exp

{
−1

2
Nφ̃i

}}
.

(2.117)
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This is because if
∣∣f − exp

{
−1

2
Nφ̃i

}∣∣ < 1
2
λ and exp

{
−1

2
Nφ̃i

}
< 1

2
λ, we will have:

f = |f | ≤
∣∣∣∣f − exp

{
−1

2
Nφ̃i

}∣∣∣∣+ exp

{
−1

2
Nφ̃i

}
< λ. (2.118)

Thus, if f(x) ≥ λ, x must belong to at least one set of the right-hand side of 2.117.
Then, by the subadditivity, we have:

Vol{x | λ ≤ f(x)} ≤ Vol

{
x

∣∣∣∣12λ ≤
∣∣∣∣ f − exp

{
−1

2
Nφ̃i

}∣∣∣∣ ,}+Vol

{
x

∣∣∣∣ 12λ ≤ exp

{
−1

2
Nφ̃i

}}
≤ 4

λ2

∫
M

∣∣∣∣f − exp

{
1

2
Nφ̃i

}∣∣∣∣2 +Vol

{
x

∣∣∣∣ 12λ ≤ exp

{
−1

2
Nφ̃i

}}
.

(2.119)
By assumption, exp

{
−1

2
Nφ̃i

}
converges to a function f ∈ L2(M) in the L2

norm. Thus, the first term in the second line of 2.119 tends to 0 as i → ∞. And
from 2.116, we know the second term in the second line of 2.119 also equals 0.
Therefore, for any λ > 0, we have:

Vol{x|λ ≤ f} = 0. (2.120)

Because f is the L2 limit of exp
{
−1

2
Nφ̃i

}
, f ≥ 0. From the above equality, we

know that f equals 0, a.e. on the manifold M . However, by 2.111, we know the
L2(M) norm of exp

{
−1

2
Nφ̃i

}
always equals to 1. Thus,

∫
M
f 2 = 1 which apparently

contradicts with 2.120.
From the process of the computation above, we can see that it only relates to

the constant N,F and the manifold M . Therefore, we not only proved the existence
of the upper bound estimate of

∫
M
exp{−Nφ} but also know the bound relies on

the constant N,F and the manifold M .
Then, we use a similar argument of the case m = 2. The Schauder estimate

holds for any dimension. Therefore, we can find a constant C7 that only depends
on the constant C and the manifold M , s.t.:

sup
M

|∇φ| ≤ C7(exp{−C inf φ}+ 1). (2.121)

We still consider the geodesic ball that centered at the minimal point q of φ, and
radius −1

2
inf φC−1

7 (exp{−C inf φ} + 1)−1. Similarly, we can suppose the radius of
this ball is smaller than the injective radius of q. The mean value theorem shows
that φ is no greater than 1

2
infM φ inside this ball.

When N is large enough, we have:∫
B(q,r)

exp {−Nφ} ≥ C12 exp

{
−1

2
N inf φ

}(
−1

2
inf φ

)2m

C−2m
7 (exp{−C inf φ}+1)−2m,

(2.122)
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where C12 is a positive constant that only depends on the manifold M . Now,
we proved that

∫
M
exp{−Nφ} has an upper bound that only depends on N,F and

the manifold M . Since the right-hand side of the above inequality is an increasing
function w.r.t. − infM φ and tends to +∞ as − infM φ tends to infinity. Now, we
proved it’s upper bounded. Furthermore, we know that − infM φ is upper bounded.
Therefore, we have the estimate of supM |φ|, i.e. the C0 estimate of φ.

By far, we have the estimates for supM |φ|, supM |∇φ| and supM(m+∆φ). Since
(gij̄ +φij̄) is a positive definite Hermitian Matrix, in our special coordinate, for any
i�1 + φīi is always positive, and we have:

1 + φīi ≤ m+∆φ =
∑
i

(1 + φīi). (2.123)

Together with the estimate of supM(m+∆φ), we get the upper bound estimate for
every 1 + φīi.

Also,
∏m

i=1 (1 + φīi) = exp{F}. If there is some i, s.t. 1 + φīi tends to 0. Then,
there must exist some j, s.t. 1 + φjj̄ tends to ∞ which is not possible. Therefore, a
positive lower bound exists for every 1 + φīi.

Thus, we proved that the metric
∑

i,j(gij̄ + ∂2φ/∂zi∂z̄j)dzi ⊗ dz̄j is uniformly
equivalent to

∑
i,j gij̄dz

i ⊗ dz̄j.
To sum up, we have proved the following proposition:

Proposition 2. Let M be a compact Kähler manifold, and its Kähler metric is
g =

∑
i,j gij̄dz

i ⊗ dz̄j. Suppose φ ∈ C4(M) is a real-valued function, s.t.:∫
M

φ = 0, (2.124)

and ∑
i,j

(gij̄ +
∂2φ

∂zi∂z̄j
)dzi ⊗ dz̄j (2.125)

defines another Kähler metric of the manifold M . If for some real-valued smooth
function F ∈ C∞(M), we have:

det(gij̄ +
∂2φ

∂zi∂z̄j
) det(gij̄)

−1 = expF. (2.126)

Then, there are constants C1, C2, C3 and C4 that only depend on infM F, supM F, infM ∆F
and the manifold M , s.t. supM |φ| ≤ C1, supM |∇φ| ≤ C2, 0 < C3 ≤ 1+φīi ≤ C4, ∀i.

2.3 A Priori C3 Estimates

We follow the method used by Calabi [Cal58], consider the function:

S =
∑

g′ir̄g′j̄sg′kt̄φij̄kφr̄st̄. (2.127)
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We consider things in the special coordinate since the above expression is inde-
pendent of the local coordinate. Thus, at one point, the metric matrix (gij̄) equals
to the identity matrix, and (φij̄) is a diagonal matrix. By a rather complicated
computation, we have:

∆′S ∼=
∑

(1 + φīi)
−1(1 + φjj̄)

−1(1 + φkk̄)
−1 (1 + φαᾱ)

−1

×


∣∣∣∣∣φījk̄α −∑

p

φīpk̄φp̄jα (1 + φpp̄)
−1

∣∣∣∣∣
2

+

∣∣∣∣∣φij̄kα −∑
p

(
φp̄iαφpj̄k + φp̄ikφpj̄α

)
(1 + φpp̄)

−1

∣∣∣∣∣
2
 ,

(2.128)

where A ∼= B stands for |A−B| ≤ C1S +C2

√
S +C3, and the constants C1, C2, C3

are known.
On the other hand, according to previous computation, we have:

∆′(∆φ) ≥
∑

(1 + φkk̄)
−1 (1 + φīi)

−1
∣∣φkīj̄∣∣2 − C4, (2.129)

where C4 is a constant that can be estimated.
We suppose C5 is a large enough constant, s.t.:

∆′ (S + C5∆φ) ≥ C6S − C7, (2.130)

where C6, C7 are both constants that can be estimated.
Add C6C5∆φ on both sides of the above inequality, and we have:

∆′ (S + C5∆φ) + C6C5∆φ ≥ C6S − C7 + C6C5∆φ. (2.131)

At the maximal point of S + C5∆φ, we know ∆′ (S + C5∆φ) ≤ 0. Thus, after
shifting terms, we have:

C6(S + C5∆φ) ≤ C7 + C6C5∆φ. (2.132)

Since we have the uniform estimates for ∆φ, the right-hand side of the above
inequality is bounded. Thus, we have the estimate for supM(S+C7∆φ). This turns
out to give the estimate of supM S. And remember that in our special coordinate,
(gij̄) and (φij̄) are both diagonal matrices, we have the estimates of φij̄k for any
i, j, k. We note that adding the term C6C5∆φ on both sides of 2.130 helps us have
the term S + C5∆φ.

To sum up, we have the following proposition:

Proposition 3. Set M is a compact Kähler manifold, with Kähler metric g =∑
i,j gij̄dz

i ⊗ dz̄j. Suppose φ ∈ C4(M) is a real-valued function, s.t.:∫
M

φ = 0, (2.133)
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and
∑

i,j(gij̄ +
∂2φ
∂zi∂z̄j

)dzi ⊗ dz̄j defines another Kähler metric of the manifold M .
If φ satisfies the following equation where F ∈ C∞(M) is a real-valued smooth

function :
det(gij̄ +

∂2φ

∂zi∂z̄j
) det(gij̄)

−1 = expF. (2.134)

Then, there is estimates for φij̄k that only depends on
∑

i,j gij̄dz
i ⊗ dz̄j, supM |F |,

supM |∇F |, supM supi |Fīi| and supM supi |Fij̄k|.
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Chapter 3

Solution to the Complex
Monge-Ampère Equation

Now, we can continue to prove the regularity of the a priori solution and get a
smooth solution of the complex Monge-Ampère equation:

det(gij̄ +
∂2φ

∂zi∂z̄j
) det(gij̄)

−1 = expF, F ∈ C∞(M ;R). (3.1)

Take integrals on both sides of the equation. We know that the Kähler metrics
in the same Kähler class give us the same volume of the manifold by taking the
integral of the volume form. In fact, we can rewrite the above equation:

(ω +
√
−1∂∂̄φ)m = exp{F}ωm. (3.2)

Expand the left-hand side, and by integral by parts, we can see why this is true.
Thus, we know the necessary condition for the function F is∫

M

expF = Vol(M). (3.3)

Next, we will prove that if F ∈ Ck(M), ∀k ≥ 3 and F satisfies the con-
dition above. Then, there is a solution φ, satisfies the equation 3.1, and φ ∈
Ck+1,α(M), ∀0 ≤ α < 1.

We will use the classic continuity method to prove the existence of such a solution,
which is a useful tool in solving non-linear differential equations. To use this method,
first, we need to consider a family of parametrized solvable complex Monge-Ampère
equation, s.t. we clearly know the equation is solvable at one side of the interval of
the parameter t. Then, we want to show that the set of t is both open and closed.
This demonstrates that at the other side of the interval, the complex Monge-Ampère
equation is still solvable.
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Explicitly speaking, we consider the set:

S =

{
t ∈ [0, 1] | The equation det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
det
(
gij̄
)−1

= Vol(M)

[∫
exp{tF}

]−1

exp{tF} has a solution φ ∈ Ck+1,α(M)

}
.

(3.4)

We can directly see that 0 ∈ S. Since when t = 0, every arbitrary constant function
φ satisfies the equation.

If we can further show that the set S is both open and closed, S must be the
whole set, i.e., S = [0, 1]. And 1 ∈ S means there is a solution φ ∈ Ck+1,α(M) for
the complex Monge-Ampère equation.

First, in order to show S is open, we use the standard inverse function theorem
[Sch69]:

Theorem 1 (Inverse Function Theorem). Set X,Y as two Banach manifolds, x0 ∈
X, y0 ∈ Y , and let G : X → Y be a map with C1-Frechet derivative. Suppose: (1)
G(x0) = y0; (2) Dx0G : Tx0X → Ty0Y is an isomorphism between Banach spaces.
Then, there are open neighborhoods U, V , s.t. x0 ∈ U ⊂ X, y0 ∈ V ⊂ Y , and a map
F : V → U with C1-Frechet derivative and G(F (y)) = y, ∀y ∈ V .

Although we didn’t give rigorous definitions for some concepts, we can still make
an analogy with the inverse function theorem in the Euclidean space when using this
theorem. The application is straightforward.

We set:

θ :=

{
φ ∈ Ck+1,α(M) | 1 + φīi > 0, ∀i, and

∫
M

φ = 0

}
, (3.5)

and
B :=

{
f ∈ Ck−1,α(M) |

∫
M

f = VolM

}
. (3.6)

By definition, we know that θ is an open set in the Banach space Ck+1,α(M), and
B is an affine hyperplane in the Banach space Ck−1,α(M). In fact, for any function
f ∈ B, consider the function f − 1, we have

∫
M
(f − 1) = 0. Thus, after the

translation of B, we will get a linear hyperplane in the Banach space that passes
the origin.

Consider the map G : θ → B:

G(φ) = det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
det(gij̄)

−1. (3.7)

To use the inverse function theorem, we need to compute the differential of G at
any given point φ0 and expect the differential to be both injective and surjective.
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This way, we get an isomorphism between two infinite-dimensional linear spaces.
We use the differential rule for the determinant:

dGφ0(φ0 + tφ) =
d

dt

∣∣∣∣
t=0

G(φ0 + tφ)

= det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
det(gij̄)

−1∆φ0(φ0).

(3.8)

Thus, the differential of G at a point φ0 is det
(
gij̄ +

∂2φ
∂zi∂z̄j

)
det(gij̄)

−1∆φ0 , where
∆φ0 is the Laplacian in terms of the metric

∑
i,j(gij̄ +

∂2φ0

∂zi∂z̄j
)dzi ⊗ dz̄j.

Since B is an affine hyperplane, the tangent space of B at any point consists of
the function in Ck−1,α(M) and satisfies

∫
M
f = 0, i.e.:m

{f ∈ Ck−1,α(M) |
∫
M

f = 0}. (3.9)

Next, we use the Fredholm alternative theory, [Eva10]. We know that the condition
for the weak solution of ∆φ0φ = g to exist is

∫
M
gdVφ0 = 0. Therefore, if we want

the weak solution of the following equation exists:

det

(
gij̄ +

∂2φ0

∂zi∂z̄j

)
det(gij̄)

−1∆φ0φ = f, (3.10)

which is equavalent to

∆φ0φ = det

(
gij̄ +

∂2φ0

∂zi∂z̄j

)−1

det(gij̄)f, (3.11)

we need: ∫
M

det

(
gij̄ +

∂2φ0

∂zi∂z̄j

)−1

det(gij̄)fdVφ0 =

∫
M

fdVφ = 0. (3.12)

Thus, all the images of dGφ0 belong to the tangent space of B. And now, we will try
to demonstrate that the differential of G at some point φ0, dGφ0 is both injective
and surjective:

By the classic Schauder estimates, we know that for the elliptic equation 3.10, we
only need the function f ∈ Ck−1,α(M) to assure there is a solution φ ∈ Ck+1,α(M).
This shows the differential map dGφ0 is surjective.

We still need to prove dGφ0 is injective. Consider the following equation:

det

(
gij̄ +

∂2φ0

∂zi∂z̄j

)
det(gij̄)

−1∆φ0φ = 0. (3.13)

Apparently, φ ≡ 0 is a solution to the above equation. Because the difference of
every two solutions to the equation 3.10 is a solution to the above equation. By
the maximal principle, we also know that every two solutions to the above equation
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differ most by a constant. Since we already supposed φ to satisfy
∫
M
φ = 0, we

know φ ≡ 0 is the unique solution to the equation 3.13.
Therefore, we proved that dGφ0 is a linear, injective and surjective map. Apply

the inverse function theorem. We know that dGφ0 is invertible and G maps some
open neighborhood of φ0 to an open neighborhood of G(φ0) in B. Therefore, we
know S is an open set.

Next, we need to prove S is a closed set:
We consider to prove S is self-sequentially compact, since in R, a set is compact

is equivalent to self-sequentially compact and also equivalent to a bounded closed
set. Suppose {tq} is a sequence in S, i.e., we have the sequence {φq} ⊂ Ck+1,α(M),
s.t.:

det

(
gij̄ +

∂φq
∂zi∂z̄j

)
det
(
gij̄
)−1

= Vol(M)

(∫
M

exp {tqF}
)−1

exp {tqF} . (3.14)

Since if we add or subtract any constant to the solution φq, we still get a solution to
the above equation. W.l.o.g, we suppose

∫
M
φq = 0. Take differential w.r.t. ∂

∂zp
on

both sides of the above equation in the normal coordinate and use the differential
formula for the determinant. We have:

det

(
gij̄ +

∂2φq
∂zi∂z̄j

)∑
i,j

g′ij̄q
∂2

∂zi∂z̄j

(
∂φq
∂zp

)

= Vol(M)

(∫
M

exp {tqF}
)−1

∂

∂zp
[
exp {tqF} det

(
gij̄
)]
,

(3.15)
where (g′ij̄q ) represents for the inverse matrix of (gij̄ + ∂2φq

∂zi∂z̄j
).

We have proved there are uniform estimates for 1 + φīi, i.e., the above equation
is uniformly elliptic, and together with the third order estimates for φ, we know the
left-hand side is α-Hölder continuous, where α is an arbitrary number in [0, 1].

Now, we use the regularity theory for uniform elliptic equations with continu-
ous coefficients. By Schauder estimates, we will get the C2,α(M) estimates of ∂φq

∂zp
.

Similarly, we have the C2,α(M) estimates for ∂φq

∂z̄p
. Therefore, we know the coeffi-

cients of the above equation belong to C1,α(M). We will finally get the Ck+1,α(M)
estimates for φq using the so-called Bootstrap method. Then, by the Arzela-Ascoli
theorem, we know there is a subsequence of {φq} that converges to φ in the norm
of Ck+1,α(M), and φ satisfies:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
det(gij̄)

−1 = Vol(M)

(∫
M

exp {t0F}
)−1

exp {t0F} , (3.16)

where t0 = limq→∞ tq. Thus, a convergent subsequence of {tq} exists. And we know
S is closed.

Therefore, we have the following theorem:
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Theorem 2. Let M be a compact Kähler manifold, and its Kähler metric is
∑

i,j gij̄dz
i⊗

dz̄j. Suppose F ∈ Ck(M), k ≥ 3 and
∫
M
expF = Vol(M). Then, there is a function

φ ∈ Ck+1,α(M), ∀0 ≤ α < 1, s.t.
∑

i,j(gij̄ +
∂2φ
∂zi∂z̄j

)dzi ⊗ dz̄j is still a Kähler metric,
and satisfies:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= expF det (gij̄). (3.17)

Recall the Calabi Conjecture:
Let M be a compact Kähler manifold and its Kähler metric is

∑
i,j gij̄dz

i ⊗ dz̄j,
its Ricci tensor is

∑
i,j Rij̄dz

i ⊗ dz̄j, Shiing-Shen Chern [Che46] proved the (1, 1)-
form that relates to the Ricci tensor:

√
−1
2π

∑
i,j Rij̄dz

i∧dz̄j represents the first Chern
class of the manifold M .

Then, Calabi asked the following question:

If the (1, 1)-form
√
−1
2π

∑
i,j R̃ij̄dz

i ∧ dz̄j is another representative element of the
first Chern class. Can we find another Kähler metric, s.t. its Ricci tensor is exactly∑

i,j R̃ij̄dz
i ⊗ dz̄j�

The above theorem confirms the Calabi Conjecture. In fact, we know:

Rαβ̄ = − ∂2

∂zα∂z̄β
log det(gij̄). (3.18)

By the assumption
√
−1
2π

∑
R̃αβ̄dz

α ∧ dz̄β represents the first Chern class, and by the
∂∂̄-lemma, we have:

R̃αβ̄ = Rαβ̄ −
∂2f

∂zα∂z̄β
, (3.19)

where f is a real-valued smooth function.
According to the above theorem, we can find a smooth function φ, s.t.

∑
i,j(gij̄+

∂2φ
∂zi∂z̄j

)dzi ⊗ dz̄j is still a Kähler metric, and satisfies the equation:

det

(
gαβ̄ +

∂2φ

∂zα∂z̄β

)
det(gαβ̄)

−1 = C exp{f}, (3.20)

where C is a fixed constant, s.t.:∫
M

C exp{f} = Vol(M). (3.21)

Therefore, so far, we have proved the following theorem:
Theorem 3. Let M be a compact Kähler manifold, and its Kähler metric is

∑
i,j gij̄dz

i⊗
dz̄j. If the (1, 1)-form

√
−1
2π

∑
i,j R̃ij̄dz

i ∧ dz̄j corresponds to the tensor
∑

i,j R̃ij̄dz
i ⊗

dz̄j represents the first Chern class c1(M). Then, we can find a Kähler metric∑
i,j g̃ij̄dz

i ⊗ dz̄j, s.t. its Ricci tensor equals to
∑

i,j R̃ij̄dz
i ⊗ dz̄j. Furthermore, the

Kähler form of the the new metric is in the same Kähler class as the original Kähler
form, and the Kähler metric satisfies the above conditions is unique.
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Chapter 4

Complex Monge-Ampère Equation
with More General Right-Hand
Side

In this chapter, we will study the following equation:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= exp{F (x, φ)} det(gij̄), (4.1)

where
∑

i,j gij̄dz
i⊗dz̄j is the Kähler metric of the compact Kähler manifold M , and

F is a smooth real-valued function defined on M × R satisfies that ∂F
∂t

≥ 0.
To solve the above equation, i.e. find such a real-valued smooth function φ, and

s.t.
∑

i,j(gij̄ +
∂2φ
∂zi∂z̄j

)dzi⊗ dz̄j is still a Kähler metric, we first integral on both sides
of the above equation, to get a necessary condition. We need a smooth function ψ,
s.t.: ∫

M

exp{F (x, ψ)} = Vol(M). (4.2)

By 2, we know if we take the right-hand side of 4.1 a fixed smooth function ψ,
such a smooth solution φ exists. Next, we use an iteration method to solve this
more general equation. We need a priori estimates for φ to ensure the solution is
smooth.

4.1 A Priori C0 Estimates of the Equation 4.1

We first prove the uniqueness of the solution of the equation 4.1:

Lemma 3. Suppose φ and φ̄ are two smooth solution of the equation 4.1, and satisfy:∑
i,j

(gij̄ +
∂2φ

∂zi∂z̄j
)dzi ⊗ dz̄j, (4.3)
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and ∑
i,j

(gij̄ +
∂2φ̄

∂zi∂z̄j
)dzi ⊗ dz̄j, (4.4)

are both the Kähler metric of the manifold M . Then, φ− φ̄ is always a constant.

Proof. Since φ and φ̄ both satisfy the equation 4.1, take quotient of the two equa-
tions of φ and φ̄, and come up with the φ− φ̄ term, we have:

det

(
gij̄ +

∂2φ̄

∂zi∂z̄j
+
∂2(φ− φ̄)

∂zi∂z̄j

)
det

(
gij̄ +

∂2φ̄

∂zi∂z̄j

)−1

= exp{F (x, φ)− F (x, φ̄)}.

(4.5)

Suppose ∆φ is the Laplacian in terms of the metric
∑

i,j

(
gij̄ +

∂2φ
∂zi∂z̄i

)
dzi⊗ dz̄j.

We conveniently denote the above equation as:

det
(
gij̄ + φ̄ij̄ + (φ− φ̄)ij̄

)
det
(
gij̄ + φ̄ij̄

)−1
= exp{F (x, φ)− F (x, φ̄)}. (4.6)

We take the special coordinate, s.t. the matrix (gij̄) to become the identity
matrix, and (φij̄), (φ̄ij̄) to be diagonal matrices. This can be achieved by using
matrix transformation.

Then, in this coordinate, the above equation can be rewritten into:∏m
i=1(1 + φ̄īi + (φ− φ̄)īi)∏m

i=1(1 + φ̄īi)
=

m∏
i=1

(
1 +

(φ− φ̄)īi
1 + φ̄īi

)
= exp{F (x, φ)− F (x, φ̄)}. (4.7)

Use the mean value inequality, we have:

m+∆φ(φ− φ̄)

m
=

∑m
i=1

(
1 + (φ−φ̄)īi

1+φīi

)
m

≥ m

√√√√ m∏
i=1

(
1 +

(φ− φ̄)īi
1 + φīi

)
= exp{ 1

m
[F (x, φ)− F (x, φ̄)]},

(4.8)

which is equivalent to:

m+∆φ(φ− φ̄) ≥ m exp{ 1

m
[F (x, φ)− F (x, φ̄)]}. (4.9)

Using the equation, we get the following inequality:

m+∆φ(φ− φ̄)

m
≥
[
det
(
gij̄ + φij̄

)
det
(
gij̄ + φ̄ij̄

)−1
]1/m

(4.10)

By the classic mean value theorem, we know:

F (x, φ)− F (x, φ̄) =

∫ φ(x)

φ̄(x)

∂F

∂t
(x, τ)dτ =

∂F

∂t
(x, t̄(x))(φ(x)− φ̄(x)), (4.11)
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where t̄(x) is a number between inf(φ(x), φ̄(x)) and sup(φ(x), φ̄(x)).
Since ∂F

∂t
≥ 0, from 4.11, we know that when φ(x)− φ̄(x) > 0, we have:

F (x, φ)− F (x, φ̄) ≥ 0. (4.12)

Thus, the right-hand side of 4.9 becomes m exp{ 1
m
[F (x, φ)− F (x, φ̄)]} ≥ m, which

shows ∆φ(φ− φ̄) ≥ 0.

Then, by the maximal principle, we know φ − φ̄ is a constant: Consider the
following integral on the set E = {x | φ(x)− φ̄(x) < 0}:

0 ≥
∫
E

(φ− φ̄) ·∆φ(φ− φ̄) =

∫
E

|∇(φ− φ̄)|2 ≥ 0. (4.13)

Thus, we have φ − φ̄ is a constant on E. Similarly, exchange the position of φ, φ̄,
and we will know φ− φ̄ is also equal to some constant on M\E. Also, because φ− φ̄
is a smooth function, we know that on the whole manifold M , φ − φ̄ is always a
constant.

Next, we will use iteration to prove the existence of the solution of 4.1 and its
C0 estimates. By the theorem 2, there is a smooth function φ0, s.t.

∑
i,j(gij̄ +

∂2φ0

∂zi∂z̄j
)dzi ⊗ dz̄j is a Kähler metric and satisfies the equation:

det

(
gij̄ +

∂2φ0

∂zi∂z̄j

)
= exp{F (x, ψ)} det(gij̄). (4.14)

Set φ̄0 = φ0 + supM |φ0 − ψ| and ¯̄φ0 = φ0 − supM |φ0 − ψ|. They are all add or
subtract a constant of φ0. Thus, they both satisfy the above equation. Further, by
definition, for any x ∈M , we have:

φ̄0(x) ≥ ψ(x) ≥ ¯̄φ0(x). (4.15)

Set A := {(x, t)|x ∈ M, φ̄0(x) ≥ t ≥ ¯̄φ0(x)}. Since M is a compact manifold,
and φ̄0, ¯̄φ0 are smooth functions on the compact manifold, we know they are both
bounded. Thus, A is a compact subset of M × R, and we can define:

k := sup
(x,t)∈A

∂F

∂t
(x, t) + 1 > 0. (4.16)

We will then use the following iteration scheme:
To make a difference in the indices, we use i to denote the iteration indices and

α, β to denote the tensor indices. Set φ̄i, ¯̄φi are smooth solutions of the following
equation, respectively:

det

(
gαβ̄ +

∂2φ̄i
∂zα∂z̄β

)
= exp {kφ̄i + F (x, φ̄i−1)− kφ̄i−1} det(gαβ̄),

det

(
gαβ̄ +

∂2 ¯̄φi
∂zα∂z̄β

)
= exp {k ¯̄φi + F (x, ¯̄φi−1)− k ¯̄φi−1} det(gαβ̄),

(4.17)
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where
∑

α,β

(
gαβ̄ +

∂2φ̄i

∂zα∂z̄β

)
dzα ⊗ dz̄β and

∑
α,β

(
gαβ̄ +

∂2 ¯̄φi

∂zα∂z̄β

)
dzα ⊗ dz̄β are both

Kähler metric.
It’s natural to ask about the existence and uniqueness of the solution if we wish

to use the above iteration scheme. We have the following lemma to ensure we can
make the above assumptions.

Lemma 4. Suppose M is a compact Kähler manifold, and its Kähler metric is∑
i,j(gij̄ +

∂2φ
∂zi∂z̄j

)dzi⊗ dz̄j. And F is an arbitrary smooth function on M . Then, for
any constant k > 0, there is a unique smooth solution to the equation:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= exp{kφ+ F} det(gij̄), (4.18)

s.t.
∑

i,j(gij̄ +
∂2φ
∂zi∂z̄j

)dzi ⊗ dz̄j is again a Kähler metric.

Proof. Following the proof of the theorem 2, we still use the continuity method to
show the existence. Consider a family of equations parametrized by t:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= exp{kφ+ tF} det(gij̄). (4.19)

The most crucial step is the C0 estimate of φ, but the condition k > 0 makes this
case much easier:

Suppose the maximal point of φ on the manifold M is x0. At this point, the Hes-
sian matrix of φ is non-positive definite. Thus, we can choose a special coordinate,
s.t., for any ∀i, φīi ≤ 0. And this leads to

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
det(gij̄)

−1 ≤ 1. (4.20)

By 4.19, we know the above inequality equals to exp{kφ(x0) + tF (x0)} ≤ 1, i.e.
kφ(x0) + tF (x0) ≤ 0. Shift terms, we have supM φ = φ(x0) ≤ − t

k
F (x0), and this

gives us the estimate of supM φ.
Similarly, suppose the minimal point of φ is x1, we have:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
det(gij̄)

−1 ≥ 1. (4.21)

Thus, we have infM φ ≥ − t
k
F (x1). Therefore, we have the C0 estimates of φ. Then,

following the proof of theorem 2, we have the existence of the solution.
Also, since ∂(kφ+tF )

∂φ
= k > 0, we know the equation 4.18 satisfies the condition in

3. Thus, the difference between the two solutions is, at most, a constant. Suppose
φ− φ̃ = c, by equation 4.18, the quotient of two equations gives us ekc = 1. Because
k ̸= 0, we know c = 0. Therefore, the solution of the above equation is also
unique.
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The above theorem assures the existence and uniqueness of the solution. Next,we
will prove the solutions satisfy the equation 4.17, also satisfy the following inequality,
for any i ≥ 0�

¯̄φ0 ≤ ¯̄φi ≤ ¯̄φi+1 ≤ φ̄i+1 ≤ φ̄i ≤ φ̄0. (4.22)

We prove this by induction: When i = 0, suppose φ̄1 safisfies the equation 4.17,
and we use the inequality 4.15 to scale it. Since φ0 satisfies the equation 4.14, we
have the following inequality:

det

(
gαβ̄ +

∂2φ̄1

∂zα∂z̄β

)
= exp {kφ̄1 − kφ̄0} exp {F (x, φ̄0)} det

(
gαβ̄
)

≥ exp {k (φ̄1 − φ̄0)} exp{F (x, ψ)} det
(
gαβ̄
)

= exp {k (φ̄1 − φ̄0)} det
(
gαβ̄ +

∂2φ̄0

∂zα∂z̄β

)
.

(4.23)

At the maximal point of φ̄1− φ̄0, we have ∆(φ̄1− φ̄0) ≤ 0. Thus, we can rewrite
the above inequality:

1

m
[m+∆(φ̄1 − φ̄0)] ≤ 1. (4.24)

By a completely same computation with the left-hand side of 4.10, in the special
coordinate, we know that the above inequality is equivalent to:

det

(
gαβ̄ +

∂2φ̄1

∂zα∂z̄β

)
≤ det

(
gαβ̄ +

∂2φ̄0

∂zα∂z̄β

)
. (4.25)

Together with 4.23, we know supM(φ̄1 − φ̄0) ≤ 0�
By a similar discussion, write out the equation that ¯̄φ1 satisfied, and use the

inequality 4.15, we have supM( ¯̄φ0 − ¯̄φ1) ≤ 0. This proves the second and the fourth
inequalities in 4.22 hold for i = 0.

We still need to prove the third inequality holds, i.e., ¯̄φ1 ≤ φ̄1: In the equation
system 4.17, set i = 1, and take quotient, we have:

det

(
gαβ̄ +

∂2φ̄1

∂zαz̄β

)
det

(
gαβ̄ +

∂2 ¯̄φ1

∂zα∂z̄β

)−1

= exp {kφ̄1 − k ¯̄φ1 + F (x, φ̄0)− F (x, ¯̄φ0)− k (φ̄0 − ¯̄φ0)} .
(4.26)

By the definition of k in 4.16, and φ̄0 ≥ ¯̄φ0, together with the differential mean value
theorem 4.11, we know for any x ∈M , we have:

F (x, φ̄0)− F (x, ¯̄φ0)− k (φ̄0 − ¯̄φ0) ≤ 0. (4.27)

Thus, back to the equation 4.26, we have:

det

(
gαβ̄ +

∂2 ¯̄φ1

∂zα∂z̄β

)
det

(
gαβ̄ +

∂2φ̄1

∂zα∂z̄β

)−1

≥ exp {k ( ¯̄φ1 − φ̄1)} . (4.28)
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At the maximal point of ¯̄φ1 − φ̄1, we have ∆( ¯̄φ1 − φ̄1) ≤ 0 which is equivalent to
1
m
[m +∆(φ̄1 − φ̄0)] ≤ 1. By the inequality 4.10, we know the left-hand side of the

above inequality is less or equal to 1, together with k ≥ 0, we have φ̄1 ≥ ¯̄φ1.
Next, we use the induction. Suppose for any j < i, we have:

¯̄φ0 ≤ ¯̄φj−1 ≤ ¯̄φj ≤ φ̄j ≤ φ̄j−1 ≤ φ̄0. (4.29)

We will prove that the conclusion still holds if we replace the j in the above
inequality with i. We set φ̄i and φ̄i−1 as the solutions in 4.17, and take quotient:

det

(
gαβ̄ +

∂2φ̄i
∂zα∂z̄β

)
det

(
gαβ̄ +

∂2φ̄i−1

∂zα∂z̄β

)−1

= exp {kφ̄i − kφ̄i−1 + F (x, φ̄i−1)− F (x, φ̄i−2)− k (φ̄i−1 − φ̄i−2)} .
(4.30)

By the induction hypothesis, we have φ̄0 ≥ φ̄i−2 ≥ φ̄i−1 ≥ ¯̄φ0, together with the
fact that F is non-decreasing w.r.t. the second variable. Use a similar argument in
4.28 to get:

det

(
gαβ̄ +

∂2φ̄i
∂zα∂z̄β

)
det

(
gαβ̄ +

∂2φ̄i−1

∂zα∂z̄β

)−1

≥ exp {kφ̄i − kφ̄i−1} . (4.31)

Thus, we know φ̄i−1 ≥ φ̄i. By a similar argument, we will also have ¯̄φi−1 ≤ ¯̄φi.
Now, we still need to prove the third inequality φ̄i ≥ ¯̄φi in 4.22.
Set φ̄i, ¯̄φi as solutions in 4.17, and take quotient:

det

(
gαβ̄ +

∂2φ̄i
∂zα∂z̄β

)
det

(
gαβ̄ +

∂2 ¯̄φi
∂zα∂z̄β

)
= exp {kφ̄i − k ¯̄φi + F (x, φ̄i−1)− F (x, ¯̄φi−1)− kφ̄i−1 + k ¯̄φi−1} .

(4.32)

Since we have φ̄i ≥ ¯̄φi−1, use the induction hypothesis repeatedly, we have φ̄i ≥ ¯̄φi.
Therefore, for any positive integer i, the inequality 4.22 holds, and φ̄i, ¯̄φi are

uniformly bounded. This gives the C0 estimates for the solution of 4.17.
By the structure of the equation, together with the squeeze rule, we can see if we

let i go to infinity, the solution will converge to a unique limit function φ. Thus, the
equation will converge to 4.1. In this way, we have the C0 estimates of the wanted
more general complex Monge-Ampère equation.

4.2 A Priori C2 Estimates of the Equation 4.1

Next, we will compute the C2 estimates of the solution φ̄i of the equation 4.17. The
C2 estimates of ¯̄φi is similar. We want to show the uniform estimates of ∂2φ̄i

∂zα∂z̄β
. We

only need to show the estimate of supM ∆φ̄i by the equation and the mean value
inequality.
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Similar to the C2 estimates in the Chapter 1. The main difference now is the
right-hand side term is more complicated than exp{F}, but the computation is quite
similar. And now we have the C0 estimates of the solution.

Let ∆i be the Laplacian of the metric
∑

α,β

(
gαβ̄ +

∂2φ̄i

∂zα∂z̄β

)
dzα ⊗ dz̄β. Suppose

C is a positive constant, s.t. C + inf i ̸=l(Rīill̄) > 1. To show the second order
estimates, we still consider the function ∆i[exp {−Cφ̄i} (m+∆φ̄i)]. With a similar
computation in 2.34:

∆i[exp {−Cφ̄i} (m+∆φ̄i)] = exp {−Cφ̄i}

[
k (∆φ̄i −∆φ̄i−1) +

∑
α,β

gαβ̄
∂F (x, φ̄i−1)

∂zα∂z̄β

+
∑
α,β

gαβ̄
∂2F (x, φ̄i−1)

∂t∂zα
∂φ̄i−1

∂z̄β
+
∑
α,β

gαβ̄
∂2F (x, φ̄i−1)

∂t∂z̄β
∂φ̄i−1

∂zα

+
∂2F

∂t2
(x, φ̄i−1)

∑
α,β

gαβ̄
∂φ̄i−1

∂zα
∂φ̄i−1

∂z̄β

+
∂F

∂t
(x, φ̄i−1)∆φ̄i−1 −m2 inf

i ̸=l
Rīill̄

]
− C exp {−Cφ̄i}m (m+∆φ̄i)

+

(
C + inf

i ̸=l
(Rīil̄l̄)

)
exp {−Cφ̄i} (m+∆φ̄i)

(∑
α

1

1 + (φ̄i)αᾱ

)
.

(4.33)
The terms in the square brackets come from computing the Laplacian w.r.t. the
initial metric

∑
α,β gαβ̄dz

α ⊗ dz̄β of the composite function F (x, φ(x)).

We have already estimated supM |φ̄i|, and we know the L1(M) estimates of φ̄i
only rely on the maximum of the function φ̄i and the Green function of the compact
manifold M . Thus, follow the inequality 2.52 in the Chapter 1, we have the L1(M)
estimates for φ̄i. Then, by the Schauder estimates, there is a constant C1 that is
independent of i, s.t.:

sup
M

|∇φ̄i| ≤ C1

(
sup
M

|∆φ̄i|+ 1

)
. (4.34)

Similar to 2.39, we know there is a constant C2 that is independent of i, s.t.:

∑
α

1

1 + (φ̄i)αᾱ
≥ (m+∆φ̄i)

1/(m−1)

(
exp

{
−k
m− 1

(φ̄i − φ̄i−1) +
1

m− 1
F (x, φ̄i−1)

})
≥ C2 (m+∆φ̄i)

1/(m−1) .
(4.35)

The second line of the above inequality is because we have the C0 estimates for φ̄i.
Thus, F only takes the value on a compact set, and we know F is bounded.

With the above computation, substitute the above inequality, 4.34, and the C0

estimates into 4.33. We mainly focus on the second-order terms since other lower
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terms are already estimated. In particular, consider the third line of 4.33, we have:

|∇φ|2 ≥ −|∇φ| ≥ − sup
M

|∇φ| ≥ −C1

(
sup
M

|∆φ̄i|+ 1

)
. (4.36)

Therefore, we know there are positive constants C3, C4, C5, C6 that not depend on
i, s.t.:

∆i [exp {−Cφ̄i} (m+ ∆φ̄i)] ≥− C3

(
m+ sup

M
∆φ̄i

)
− C4

(
m+ sup

M
∆φ̄i−1

)
+ C5

(
m+ sup

M
∆φ̄i

)1+1/(m−1)

− C6.

(4.37)
At the maximal point of exp {−Cφ̄i} (m+ ∆φ̄i), the left-hand side of the above

inequality is less or equal to 0. Thus, we have:

C5

(
m+ sup

M
∆φ̄i

)1+1/(m−1)

≤ C3

(
m+ sup

M
∆φ̄i

)
+ C4

(
m+ sup

M
∆φ̄i−1

)
+ C6.

(4.38)
We know that for any x ≥ 0, we can always find large a, b > 0, s.t.:

x1+1/(m−1) ≥ ax− b. (4.39)
Thus, we can always find positive constants C7, C8, s.t. for any x ≥ 0, we have:(

m+ sup
M

∆φ̄i

)1+1/(m−1)

≥ C7

(
m+ sup

M
∆φ̄i

)
− C8. (4.40)

Substitute the inequality 4.40 into 4.38:

C5C7

(
m+ sup

M
∆φ̄i

)
− C5C8 ≤ C3

(
m+ sup

M
∆φ̄i

)
+ C4

(
m+ sup

M
∆φ̄i−1

)
+ C6.

(4.41)
Shift terms, and get:

(C5C7 − C3)

(
m+ sup

M
∆φ̄i

)
≤ C4

(
m+ sup

M
∆φ̄i−1

)
+ C6 + C5C8. (4.42)

We can take C7 large enough, s.t. we can divide C5C7 − C3 on both sides of the
above inequality. As a result, the coefficient of the first term on the right-hand side
is smaller than 1

2
. Thus, there is a positive constant C̃ that is independent of i, s.t.:(

m+ sup
M

∆φ̄i

)
≤ 1

2

(
m+ sup

M
∆φ̄i−1

)
+ C̃. (4.43)

With the above inequality, we can iterate it repeatedly to get the upper bound
estimates of ∆φ̄i:

m+ sup
M

∆φ̄i ≤
(
1

2

)i(
m+ sup

M
∆φ̄0

)
+ 2C̃. (4.44)

According to the theorem 2, we know the right-hand side above is bounded. And
by the complex Monge-Ampère equation, we get uniform second-order estimates of
φ̄i.
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4.3 A Priori C3 Estimates of the Equation 4.1

Next, we give the C3 estimates, i.e. the uniform estimates for ∂3φ̄i

∂zα∂z̄β∂zγ
: Similar to

the Chapter 1, define:

Si :=
∑

g′αl̄i g′β̄pi g′γq̄i
∂2φ̄i

∂zα∂z̄β∂zγ
∂2φ̄i

∂z̄l∂zp∂z̄q
, (4.45)

where the matrix (g′αl̄i ) is the inverse matrix of
(
gαl̄ +

∂2φ̄i

∂zα∂z̄l

)
. By a similar compu-

tation to 2.128, we have:

∆i (Si + C9∆φ̄i) ≥ C10Si − C11

√
Si
√
Si−1 − C12, (4.46)

where C9, C10, C11, C12 are all positive constants that is independent on i.
We have the various estimates for |∆φ̄i|, now by the maximal principle:

sup
M

Si ≤
C11

C10

√
sup
M

Si
√

sup
M

Si−1 +
C12

C10

+ C9 sup
M

|∆φ̄i| . (4.47)

Since we can adjust C9, C12, s.t. C10 to be large in 4.46, w.l.o.g. we suppose
C11

C10
≤ 1

2
. By the above inequality:

sup
M

Si ≤
1

3
sup
M

Si−1 +
4C12

C10

+ 4C9 sup
M

|∆φ̄i| . (4.48)

Continuing to iterate the above inequality, we have the uniform estimates for Si.
Thus, we have the uniform estimates for ∂3φ̄i

∂zα∂z̄β∂zγ
.

With these estimates for φ̄i, let i go to infinity, we get a solution φ to the equation
4.1, and the Schauder theory assures φ to be smooth.

Therefore, we have the following theorem:

Theorem 4. Set M to be a Kähler manifold with Kähler metric
∑

i,j̄ gij̄dz
i ⊗ dz̄j.

Suppose F is a smooth function defined on M × R, and satisfies ∂F
∂t

≥ 0. Suppose
we know in advance there is a real-valued smooth function ψ defined on M , s.t.∫
M
exp{F (x, ψ(x))} = Vol(M).
Then, there is a real-valued smooth function φ on M satisfies the equation:

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= exp{F (x, φ} det(gij̄), (4.49)

and
∑

i,j

(
gij̄ +

∂2φ
∂zi∂z̄j

)
dzi⊗dz̄j is still a Kähler metric. Furthermore, if two smooth

functions both satisfy the above conditions, they must differ by a constant, at most.
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4.4 The Existence and Uniqueness of the Kähler-
Einstein Metric When c1(M) ≤ 0

Next, we want to show that, with some conditions, there is a uniqueness Kähler-
Einstein metric on a compact Kähler manifold.
Definition 2. The Kähler metric ω of a Kähler manifold (M,ω, J) is called a
Kähler-Einstein metric if there is a constant λ, s.t.:

Ric(ω) = λω. (4.50)

Because the Ricci form Ric(ω) :=
√
−1Rij̄dz

i ∧ dz̄j = −
√
−1∂∂̄ log det(gij̄) is

rescale invariant, we can always suppose λ to be −1, 0, 1.
Since 1

2π

√
−1Rij̄dz

i ∧ dz̄j is a representative element of the first Chern class,
when there is a sign for the first Chern class, we should try to find the λ with the
same sign. For example, when the first Chern class is negative definite c1(M) < 0,
i.e., there is a representative element whose coefficient matrix is negative definite,
we should try to find the Kähler-Einstein metric ω, s.t. Ric(ω) = −ω.

In particular, we call the Kähler manifold with negative first Chern class a Gen-
eral Type. When the first Chern class equals 0, and if the metric is Kähler-Einstein,
we have Ric(ω) = 0, i.e., the Ricci curvature tensor is everywhere equals to 0, we call
this manifold with such a metric as Ricci-flat manifold, also known as the Calabi-
Yau manifold. We call the Kähler manifold with positive first Chern class the Fano
manifold.

When c1(M) = 0, we want to find the metric s.t. its Ricci curvature always
equals 0. We immediately know the existence and uniqueness by the theorem 3.
Next, we consider the case that c1(M) < 0:

We need to use the theorem we just proved 4.

We know that −
√
−1
2π
∂∂̄ log det(gij̄) is a representative element of the first Chern

class c1(M) of the Kähler manifold (M,ω). Since c1(M) < 0, i.e., −c1(M) > 0, we
know there is a positive definite (1, 1)-form that represents the negative first Chern
class, denoted as

√
−1
2π

∑
i,j gij̄dz

i∧dz̄j. That’s to say −
√
−1
2π

∑
i,j gij̄dz

i∧dz̄j represents
c1(M). According to the ∂∂̄-lemma, there is a smooth real-valued function f , s.t.:

−
√
−1

2π
∂∂̄ log det(gij̄) +

√
−1

2π

∑
i,j

gij̄dz
i ∧ dz̄j = −

√
−1

2π
∂∂̄f. (4.51)

This equality is equivalent to

−∂∂̄ log det(gij̄) = −
∑
i,j

gij̄dz
i ∧ dz̄j − ∂∂̄f. (4.52)

In the theorem 4, we consider a special form of the equation, take F (x, φ) = φ− f :

det

(
gij̄ +

∂2φ

∂zi∂z̄j

)
= exp{φ− f} det(gij̄). (4.53)
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Take −∂∂̄ log on both sides of the equation:

−∂∂̄ log det
(
gij̄ +

∂2φ

∂zi∂z̄j

)
= −∂∂̄φ+ ∂∂̄f − ∂∂̄ log det(gij̄). (4.54)

By the theorem 4, we know there is a smooth solution φ, s.t.
∑

i,j

(
gij̄ +

∂2φ
∂zi∂z̄j

)
dzi⊗

dz̄j is still a Kähler metric. Combine the above two equality 4.52 and 4.54, we have:

−∂∂̄ log det
(
gij̄ +

∂2φ

∂zi∂z̄i

)
= −∂∂̄φ+ ∂∂̄f −

∑
i,j

gij̄dz
i ∧ dz̄j − ∂∂̄f

= −
∑
i,j

(
gij̄ +

∂2φ

∂zi∂z̄j

)
dzi ∧ dz̄j.

(4.55)

i.e.

Ricωφ = −
√
−1∂∂̄ log det

(
gij̄ +

∂2φ

∂zi∂z̄i

)
= −

√
−1
∑
i,j

(
gij̄ +

∂2φ

∂zi∂z̄j

)
dzi∧dz̄j = −ωφ.

(4.56)
Therefore, we find the wanted Kähler-Einstein metric.

Next, we prove the uniqueness:
Suppose

∑
i,j gij̄dz

i ⊗ dz̄j is a Kähler-Einstein metric and
∑

i,j g̃ij̄dz
i ⊗ dz̄j is

another Kähler-Einstein metric. Since Ricωg̃
= −ωg̃ and the left-hand side is a

representative element of the first Chern class, we know ωg̃ also represents the first
Chern class. Thus, we can find a smooth function ψ, s.t. g̃ij̄ = gij̄ +

∂2ψ
∂zi∂z̄j

. On the
other hand, by the definition of Kähler-Einstein metric, we have:

−∂∂̄ log det
(
gij̄ +

∂2ψ

∂zi∂z̄i

)
= −

∑
i,j

gij̄dz
i ∧ dz̄j − ∂∂̄ψ

= −∂∂̄ log det(gij̄) + ∂∂̄f − ∂∂̄ψ.

(4.57)

Shift terms, we have:

∂∂̄ log

[
det

(
gij̄ +

∂2ψ

∂zi∂z̄j

)
det(gij̄)

−1 exp{−ψ + f}
]
= 0. (4.58)

i.e.
log

[
det

(
gij̄ +

∂2ψ

∂zi∂z̄j

)
det(gij̄)

−1 exp{−ψ + f}
]

(4.59)

is a pluriharmonic function, and by integrating by parts, we know that such functions
on a closed manifold must be equal to constants. Thus, the above term equals some
constant c, and we have:

det

(
gij̄ +

∂2ψ

∂zi∂z̄j

)
= exp{ψ + c− f} det(gij̄). (4.60)
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By the lemma 3, we know φ− ψ is a constant. Thus, we have:∑
i,j

g̃ijdz
i ⊗ dz̄j =

∑
ij

(
gij +

∂2ψ

∂zi∂z̄j

)
dzi ⊗ dz̄j =

∑
i,j

(
gij +

∂2φ

∂zi∂z̄i

)
dzi ⊗ dz̄j.

(4.61)
This shows the uniqueness of the Kähler-Einstein metric.

To sum up, we have the following theorem:

Theorem 5. Let (M,ω, J) be a compact Kähler manifold with c1(M) ≤ 0. Then,
there is a unique Kähler-Einstein metric.
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Chapter 5

Further Development

The proof of the Calabi conjecture profoundly impacts geometry, algebra, and even
theoretical physics. It also created the frame to solve geometric problems with
analytic tools and also, in turn, facilitated the study of equations.

After solving the existence and uniqueness of the Kähler-Einstein metric on
the compact Kähler manifold with positive definite first Chern class, many new
problems, concepts, and methods are prompted and studied. For example, the
existence of the Kähler-Einstein metric on the Fano manifold closely relates to the
concept of K-stability, which is widely studied in algebraic geometry. Also, Calabi-
Yau manifolds are important in mathematical physics. Furthermore, people also do
related research on the complete but non-compact manifolds.
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